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ABSTRACT 
In the analysis and modeling of MEMS devices, a 

general finite element formulation is necessary to solve a 
multi-disciplinary domain of the device with large number 
of nodes and elements. 

In this paper, we present a step by step finite element 
formulation for automated modeling of multi-disciplinary 
domains. The electro-thermo-mechanical domain is 
explained and an algorithmic approach for sequential 
analysis of an arbitrary ground structure with multi-
disciplinary boundaries is developed and implemented in 
Matlab with a graphical user interface. The results of the 
finite element approach is compared and verified with exact 
solutions and test results from literature. The agreement of 
results verifies the application of proposed finite element 
formulation to the analysis of elector-thermo-mechanical 
domains. 

This formulation provides a fast and reliable tool to 
analyze electro-thermo-elastic devices which allows large 
flexibility in the selection of mechanical and electrical 
boundary conditions. 
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1 INTRODUCTION 
Planar MEMS are microscopic mechanical devices 

generally made of silicon or polysilicon layers that are 
relatively thin. Most batch fabricated MEMS systems 
require on-chip movement of microstructures. The desired 
attributes of an on-chip actuator are small chip footprint, 
large deflection and an electrical requirement compatible 
with today’s CMOS circuitry. MEMS actuators are 
typically used for either one time deployment of structures 
for automatic assembly or constant periodic actuation as in 
case of micro optic scanners. Electro-thermal actuators rely 
on the joule heating resulting small mechanical expansion 
of a conductor when a current is passed through it. 

In the literature, an extensive research has been done on 
the modeling of thermal actuators however; the modeling 
has been limited to particular systems with limited number 
of elements [1-3]. Developing a new finite element 
formulation is necessary to solve a general multi-
disciplinary domain with arbitrary arrangement of boundary 
conditions and large number of nodes and elements.  This 
method of solving is essential in developing topology 
optimization of MEMS devices in which an automated 
modeling and solution is required. This paper presents a 

new finite element formulation for automated modeling of 
multi-disciplinary domains. An algorithmic approach for 
sequential analysis of an arbitrary ground structure with 
multi-disciplinary boundaries is developed and 
implemented in Matlab [4] with a graphical user interface. 
This enables topology and hot arm placement optimization 
in thermal actuators. Moreover, it provides a powerful tool 
for development, evaluation, and modification of thermal 
actuators and sensors. 

 
2 GENERAL DOMAIN FORMULATION  

A constrained elastic structure deforms upon heating. 
The geometrical shape of the structure, the manner in which 
the structure is supported at its boundaries, and the material 
properties influence the thermally induced deformation. In 
micromechanical structures, achieving Joule heating is 
possible through internal heat generation due to current 
distribution. Figure 1 shows a general electro-thermo-
mechanical domain. The design domain Ω is the region of 
solid material.  The boundary conditions on boundary Г are 
applied voltage at ГED, specified temperature at ГTD, 
specified heat flux at ГTN and fixed displacements at ГMD, 
where E, T and M refer to electrical, thermal and 
mechanical type boundary conditions, respectively.  
Subscripts D and N refer to Drichlet (natural) and Neumann 
(essential) boundary conditions. In mathematics, a Dirichlet 
boundary condition imposed on an equation specifies the 
values a solution is to take on the boundary of the domain 
and a Neumann boundary condition imposed on an 
equation specifies the values the derivative of a solution is 
to take on the boundary of the domain. 
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Figure 1: Electro-thermo-elastic domain with mixed 
boundaries. 

There is no external applied force in form of input in 
micro domain. There are reaction forces at mechanical 
boundary which will be calculated in finite element 
analysis. To solve a specified domain with defined 
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electrical, thermal and mechanical boundary conditions, the 
constitutive equations of the system in all three domains are 
derived as [5]:  
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where V is voltage, qj is the internal heat generation, J is the 
current, Re is equivalent electrical resistant, kt is the thermal 
conductivity of the material, T is the temperature, σ is the 
stress, ε and εth are the total and thermal strains, 
respectively and C is the elasticity matrix. Thermal effects 
are included in the formulation in the form of dilatational 
strains. The equations are solved in the listed order. First 
step is to solve the continuity equations of the current with 
a given voltage boundary condition. The current flow in 
each element causes Joule heating. This internal heat source 
is the input to the next step which is the steady state heat 
transfer equation. The heat transfer equilibrium is solved to 
find the temperature distribution in the structure. Then the 
thermo-elastic equation is solved to find thermally induced 
displacements. 
 

3 FINITE ELEMENT FORMULATION 
The design domain is discretized into finite number of 

nodes connected with frame elements. To solve the 
equation of continuity of current, the frame like structure is 
modeled by its equivalent resistive circuit. The equation of 
continuity of current is solved by modified nodal analysis, 
MNA, method [6].   

Although the node voltage method and loop current 
method are the most widely used, modified nodal analysis, 
MNA, is a powerful technique that results in larger systems 
of equations than the other methods, but is easier to 
implement algorithmically. This is a substantial advantage 
for automating the procedure and enables having multiple 
input voltages. MNA produces matrix form equations to 
solve for the voltage at each node and current through each 
element. Since the meshing policy for all the domains is the 
same, the set of equations from MNA should be compatible 
with finite element discretization. To overcome this 
problem, after the initial FEA mesh is generated, a search 
algorithm is developed inside the program to unify the 
MNA and FEA node and element connectivity in mesh 
structure. Each element is placed in its expected place to 
form the MNA main matrices and solve the voltage 
distribution equation. MNA is applied to the circuit of 
resistors and independent voltage sources and results in a 
matrix equation of the form ZAX =  where A is a matrix 
that holds the known quantities which are element 
equivalent resistances and input voltage connectivity 
information, X is the matrix of unknowns which are the 
nodal voltage values and the current through voltage 
sources and matrix Z holds only known quantities which are 

voltage boundary conditions. The circuit is then solved by a 
matrix manipulation. Subsequently, the current through 
each element and the internal heat generation, qj=J2Re [W] 
for each element are calculated. 

The Galerkin’s integration [7] is used to integrate the 
thermo-elastic equations over the domain. It can be shown 
that heat is lost to surrounding by conduction only and 
effects of convection and radiation can be neglected in 
micro dimensions. The general finite element formulation 
for heat transfer is: 

[ ]{ } { } { } { }QTssc fffTKK +−=+                 (2) 
where Kc is the conductive thermal stiffness matrix, Ks is 
the stiffness component of conduction through air gap. The 
other component is fs, the heat flux vector due to 
conduction through air. fQ is the heat flux vector due to 
internal heat generation and fT is the reaction heat flux 
vector resulting from specified temperature. The reaction 
heat flux due to specified temperatures, fT is always left as 
nodal values. Assuming linear or quadratic interpolation 
shape functions for temperature distribution, Equation (2) is 
solved for nodal temperatures. 

The thermo-elastic Duhmel-Neumann relation for a 
general thermo-elastic body is σijkl = Cijklεkl + βij∆T where 
∆T is the temperature change in body, C is the elasticity 
matrix, σ is the stress, ε is the strain and βij is the thermal 
module [5]. For an isotropic material the Duamel-Neuman 
constitutive equations are simplified to σij= 
2µεij+λεkkδij+β∆Tδij where λ=Eυ/(1+υ)(1−2υ) and 
µ=E/2(1+υ) are the Lamé elastic constants and δij is the 
Kronecker delta and β=-Eα/(1−2υ) where E is the Young’s 
modulus of elasticity, α is thermal expansion coefficient 
and υ is the Poisson’s ratio [5]. This equation for a 2D body 
in x-y plane in matrix form is stated as: 
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For the long frames with solid cross sections, the effect 
of Poisson’s ratio can be neglected, which results in: 
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The Green’s strain tensor to express the strain-
displacement relation for a frame structure is stated as 
∂u/∂x+∂2v/∂x2 = 0 which u and v are the displacements in 
x and y direction. In right hand side, the first term is the 
pure axial deformation and the second term is pure bending. 
This implies that the elasticity matrix for a frame element 
is: 
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where I is the moment of inertia and Ae is the element cross 
sectional area. The finite element equation of element is 
derived by applying Galerkin’s energy method and 
assuming Hermitian shape functions as [8]:  
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where Km is the mechanical stiffness matrix, FT is the 
thermal force vector and Fm is the external applied force 
vector.  The thermal force vector for a beam element with 
Hermitian shape functions is: 

{ }TEITEATEITEAF eeT
((((

∆∆∆−∆−= αααα 00     (7) 

where ∆Ť is the average temperature change in the element, 
defined as ∆Ť =(T1 + T2)/2 where T1 and T2 are the nodal 
temperatures. Equation (6) verifies that the temperature 
field has no stiffness and contributes to applied loads to the 
body. Applying the displacement boundary conditions, 
Equation (6) is then solved for nodal displacement values.                                        

4 IMPLEMENATUON 
The finite element formulation is implemented in 

Matlab [4]. A graphical user interface, GUI, is designed to 
ease the user interface and monitoring the results. Because 
the focus of this research is on micro mechanisms, the 
program is designed to use µm−kg−s system of units. The 
program starts with opening two main menus for the 
graphical representation of the design and user command, 
respectively, as shown in Figure 2. Design domain is 
generated and meshed and material properties, 
displacement, voltage and temperature boundary conditions 
are entered in form of nodal values. The thickness of 
structure is specified. Then the data are loaded into the 
main program and the graphical representation window. 
Now the user can run the FEA solver. After solution is 
finished, the finite element results are plotted as the 
deformed shape of the structure, nodal displacements and 
temperature distributions. The program saves the solution 
in data files for future reference. 

 
Figure 2: Schematic of implemented GUI in Matlab, showing 

input menu and output graph window. 

5 VERIFICATION 
The above automated algorithm to solve electro-thermo-

mechanical domain is implemented in Matlab [4] and here 
its results are verified comparing to analytical and 
experimental data of some actuators in the literature. One of 
the most popular actuators in the MEMS community is the 
pseudo-bimorph that relies on differential expansion of a 
cold and hot arm to cause it to bend in plane, parallel to the 
substrate. These actuators are called electro-thermal 
compliant actuator, ETC [1]. In the following, the result of 
FEA is compared with experimental measurements and 

analytical solutions of samples of these types of actuators 
from the literature. 

FEA prediction

 
Figure 3: Comparison of experimental, analytical [1] and finite 

element solution of tip deflection vs. voltage for ETC actuator. 

Figure 3 superimposes the measured tip deflection and 
the predicted values by analytical and FE analysis for 
thermal actuator presented in [1]. The actuator was modeled 
with 203 nodes and 202 frame elements. As seen in this 
figure, the proposed finite element formulation predicts the 
measurements with less that %2 error.  Comparison 
between these two values shows the accuracy of finite 
element in the analysis of the thermal actuator. 
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Figure 4: Comparison of (a) analytical [1] and (b) finite element 

solution of temperature profile along ETC actuator length.       

Figure 4(a) shows exact solution for the temperature 
distribution along the actuator length at the input voltage of 
5 V [1]. In this figure, the maximum temperature is shown 
in the middle of the hot arm. Since the hot arm and flexure 
arm are both connected to anchors, the temperature at these 
points is equal to the substrate temperature, Ts =25 ◦C. At 
the joint point between the hot arm and cold arm, the 
temperature changes abruptly, because the cold arm acts as 
a heat sink.  

To evaluate the finite element model, the nodal 
temperature values from FEA are plotted in Figure 4(b). As 
seen in the figure, FEA can predict the temperature 
distribution as accurate as the closed form solution plotted 
in Figure 4(a). Comparison between the data reported for 
this actuator in [1] and the data from FEA shows perfect 
agreement. Comparison of these two graphs confirms the 
accuracy of the analysis package with less than 1% error 
from analytical solution 

To study the effect of number of nodes and elements on 
convergence of the solutions, the tip deflection and 
maximum temperature of the ETC actuator are plotted for 
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different number of nodes per length of the actuator. As 
shown in Figure 5(a), for the case of an ETC actuator with 
30 nodes the results converge to exact solution and there is 
no need to dense the mesh any further. 
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Figure 5: (a) Tip deflection and maximum temperature of 
ETC converges to exact solution with increasing node 

numbers, (b) Convergence of tip deflection and maximum 
temperature vs. actuation voltage for ETC actuator. 

Also Figure 5(b) shows how the tip displacement and 
maximum temperature vs. voltage curves converge to 
analytical value with increasing the number of nodes. As 
seen in this plot, the solutions for 18 nodes and higher 
overlap. Also this figure indicates that the maximum 
temperature increases with the input voltage. In general, for 
polysilicon the maximum temperature should be kept below 
1000 ◦C to avoid thermal failure and self annealing. For this 
actuator, finite element predicts the thermal failure at V=7 
[V], when the maximum temperature reaches 1000 ◦C in 
Figure 5(b). This matches with results from Figure 3. 

To further investigate the convergence dependency of 
solution, Figure 6 shows the temperature profile along 
actuator length with respect to increasing number of nodes. 
As seen, by increasing the number of nodes from 6 to 18 
the solution converges to analytical solution in Figure 4(a).  
It confirms that frame elements are a suitable candidate to 
model the deflection of electro-thermal actuators.  

 
6 CONCLUSION 

A general finite element formulation was developed for 
electro-thermo-mechanical domain and the results were 
verified with reported analytical and experimental results in 
the literature.  The finite element formulation was 

implemented in Matlab with a GUI.  It provides a fast and 
reliable tool to analyze electro-thermo-elastic devices 
which allowed large flexibility in the selection of 
mechanical and electrical boundary conditions. It also 
enabled topology and hot arm placement optimization in 
thermal actuators. Moreover, it provided a powerful tool for 
development, evaluation, and modification of thermal 
actuators and sensors. 
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Figure 6: Convergence of temperature distribution by 

increasing number of nodes. 
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