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ABSTRACT

Electrokinetic (EK) flow, i.e., flow of an electrolyte
in narrow capillaries driven by the combined influence of
electric field and pressure, is of significant interest in mi-
crofluidic devices. Review of literature reveals that most
studies on microchannels are either for steady state con-
ditions or infinite length microchannels. In this work,
we examine the development of a transient streaming
potential for pressure-driven EK flow in a finite length
microchannel. A transient numerical simulation of ion
transport leading to the development of a streaming
potential across a finite length circular cylindrical mi-
crochannel connecting two infinite reservoirs is presented.
The solution based on finite element analysis shows the
transient development of ionic fluxes, currents, and the
streaming potential across the channel. The simula-
tion results show that the streaming potential across
the channel is predominantly set up at the timescale of
the developing convective transport, while the equilib-
rium ion concentrations are developed over a consider-
able longer duration.

Keywords: Microfluidics, Streaming Potential, Pois-
son Nernst Plank(PNP) Equation

1 Introduction

Development of microfluidics has attracted several
research disciplines [1], and has been the key factor
for the resurgence of interest in electrokinetic transport
phenomena. Pressure-driven flow is a sub group of EK
flow, and is still considered as one of the most effec-
tive methods for moving fluids in microfluidic channel
networks. With continuous miniaturization of the flow
channel dimensions (capillary radii), which can often be
as small as a few tens of nanometers in nano-fluidic el-
ements, the traditional analysis of EK flows based on
the Helmholtz-Smoluchowski approach tends to break
down. This breakdown necessitates detailed modeling
of the governing equations for fluid and ion transport in
such channels.

Most of the studies in the litrature [3]–[5], [7], [9] are
based on a steady state analysis of the governing electro-
chemical transport equations and apply to microchan-
nels of infinite length. These studies do not address
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Figure 1: Schematic of Microchannel Pressure-Driven
Flow Geometry

issues associated with the transient development of the
electrical potential between two reserviors.

This study examines the role of different mechanisms
i.e. convection, diffusion and migration on the evolu-
tion of the streaming potential with time and the dif-
ference between electrical potential across the channel
and streaming potential. The considered problem will
be analyzed numerically through the coupling of fluid
dynamics, electrical field and charge distribution.

2 PROBLEM STATEMENT

2.1 Geometry

The flow of an aqueous electrolyte solution is simu-
lated between two reservoirs connected by a straight cir-
cular cylindrical microchannel of radius “a” and length
“L” as shown in Fig1.

2.2 Governing Equations

General form of the N-S equations with an electrical
body force, typically used in electrokinetic problems, is

ρ(
∂u
∂t

+ u∇ · u) = −∇p + µ∇2u − ρf∇ψ (1)

where ρ is the fluid density, u is the velocity, µ is the
viscosity, ρf is the free electrical charge density (charge
per unit volume), and ψ is the electrical potential. For
calculation of ion transport and charge distribution, the
Poisson-Nernst-Planck equations (PNP) were used. The
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charge density was related to the electrical potential by
the Poisson equation

∇2ψ = −ρf

ε
, (2)

where ε is the dielectric permittivity of the liquid, and

ρf =
∑

νieni,

where νi is the valence of the ith ionic species and ni is
the ionic number concentration of the ith species.

Ion transport in the ionic solutions subjected to in-
duced electrical fields is given by Nernst-Planck equa-
tion

∂ni

∂t
= −∇ · Ji , (3)

Here Ji is the ionic flux vector and ni is the ionic con-
centration. The total flux of ions given by

Ji = niu − Di∇ni − νieniDi

kBT
∇ψ (4)

In Eq. (4), Di and νi are the diffusivity and valence
of the ith ionic species, respectively, e is the elementary
charge, T is the temperature, and kB is the Boltzmann
constant.

To accommodate consideration of the electric double
layer effects in the simulations, all the governing equa-
tions were non-dimensionalized employing a slightly dif-
ferent approach from other studies [8]. The characteris-
tic length for this study is chosen to be the Debye length,
κ−1. The definition of the Debye length for a symmetric
(ν : ν) binary electrolyte is given as

κ−1 =
(

εkBT

2n∞e2ν2

)1/2

(5)

All length parameters are scaled with respect to the De-
bye length. The scaled parameters used in the present
model are shown in Table I. It should be noted that we
also assume that the diffusivity of the different ions in
the electrolyte solution to be equal.

The equations solved here are those derived from
substituting the nondimentional parameters in Table (I)
into equations (1)-(4).

2.3 Boundary and Initial Conditions

Boundary conditions employed for the governing equa-
tions are depicted in Fig.2. Constant charge density
(-0.00019 µ C/cm2 equivalent to −25mV) on CD, DE
and EF is chosen as boundary condition in most of the
simulations. For the Nernst-Planck equation, flow with
bulk concentration (n̄p = n̄n = 1) enters the channel at

Table 1: Nondimentional Parameter

Pressure p̄ ν2e2

εk2
B

T 2κ2 p
Velocity ū 1

κD u
Ion concentration n̄p,n̄n

1
n∞

ni

Density ρ̄ ν2e2D2

εk2
B

T 2 ρ

Viscosity µ̄ ν2e2D
εk2

B
T 2 µ

Time τ κ2Dt
Electric Potential ψd

νe
kBT ψ

Free Charge Density ρ̄f νen∞(n̄p − n̄n)
Diffusivity D̄ κ2D
Surface Charge Density σ̄ νe

κεTkB
σ

Gradient ∇̄ κ−1∇
Radial Coordinate r̄ rκ
Streamwise Coordinate z̄ zκ

AB. At the exit boundary GH, we impose a normal out-
wardly directed convective flux (Jexit = n̄iu) condition,
implying that no concentration gradient exists normal
to GH. All the calculations were performed using a value
of κa = 5, which means that the capillary radius is five
times the Debye length.

For the transient flow simulation, the no flow results
were used as initial conditions. The following physi-
cal parameters were assumed in the simulation: e =
1.6021 × 10−19 C, n∞ = 6.022 × 10211/m3,ε = 78.5 ×
8.854× 10−12 CV−1m−1, T = 298 K, ν = 1, −∂p

∂z = 107

Pa m−1, ρ = 103 kgm−3, D = 10−9 m2/s and kB =
1.38 × 10−23 JK−1.

2.4 Numerical Method and Validation

Governing equations were solved using finite element
analysis employing a commercial code, Femlab(COMSOL
Inc). The solution methodology involved a segregated
solution of the Poisson-Nenrst-Planck (PNP) and the
N-S equations at the first time step, following which
both sets of equations were solved in a coupled manner.
To validate the finite element formulation, a few simple
cases were studied. In the first case, the velocity pro-
file obtained in the middle of the capillary channel is
compared to the analytical solution of the electrokinetic
equations in streaming potential mode. The velocity
profile obtained numerically at the mid section of the
channel (z̄ = 50) is virtually identical to the steady state
velocity profile obtained in an infinitely long cylindrical
capillary [5], [2].

In the second case, the analytical solution of the lin-
earized Poisson-Boltzmann charge distributions is com-
pared against the numerical results. Once again, we ob-
serve excellent agreement between the two results. The
accuracy of the numerical results is strongly dependent
on the finite element mesh.

NSTI-Nanotech 2005, www.nsti.org, ISBN 0-9767985-0-6  Vol. 1, 2005 745



r =25

r =25

r =25

Axial−SymmetryA

B

D

F

H

C

E

G

z
r

Convective FluxBulk Concentration

a)

b)

c)

Axial−SymmetryA

B

D

F

H

C

E

G

z
r

Gradient of Potential=0 Gradient of Potential=0

ψ=0

Gradient of Potential=0

Specified Charge Density

Zero Normal Flux

Zero Normal Flux

Zero Normal Flux

Axial−Symmetry

P=0P0

Symmetry−Slip Symmetry−Slip

A

D

F

H

C

E

G

z
r

No−Slip

B

Figure 2: Boundary Conditions for (a) N-S Equation
(b) Poisson Equation (c) Nernst Planck Equations

3 Resutls and Disccusion

3.1 Transient Electrochemical
Transport Behaviour

The transient simulations were performed using a
scaled time, τ , which is represented as κ2Dt, where t
is the dimensional time. For the typical simulation pa-
rameters used in this study, a real time of 1 µs will yield
τ = 0.1. The above time scaling employs the diffu-
sion time scale κ2D. If one were to non-dimensionalize
the governing equations employing the time scale of the
hydrodynamic relaxation, a convenient approach would
have been to employ the pertinent hydrodynamic re-
laxation time scale, commonly represented as µ/(ρa2),
where a is the capillary radius [7]. For aqueous solu-
tions and a capillary radius of about 0.5 µm, the hy-
drodynamic relaxation time based on the above scaling
becomes about 0.25 µs.

Figure 3 depicts the predictions of the transient model
spanning the initial stages of the developing electroki-
netic flow. The initial quiescent condition is depicted by
the lines denoted by τ = 0, while the final steady-state
predictions are shown by the dashed lines. We note from
Fig 3a that during the initial stages of the electrochemi-
cal transport process, the electrical parameters, namely,
the potential undergoes a major transition from the ini-
tial quiescent profiles to values very close to the steady-
state results. It is, however, interesting to note that over
the same time span, the corresponding ion concentration

Figure 3: Axial variations of the (a) electric potential,
(b) co-ion concentration and (c) counter-ion concentra-
tion along the capillary centerline (r̄ = 0) during the
initial stages of the transient electrochemical transport.

profiles (Fig. 3 b and c) show negligible variations from
the initial quiescent profiles. The variation of the key
electrochemical parameters over the later stages of the
transient solution are depicted in Fig. 4. The layout of
figures are identical to Fig. 3, except for the different
time range shown (τ = 50 to 10000). At larger values of
τ , we observe a transport that is exactly opposite to the
phenomena observed in Fig. 3. In this case, the electric
potential does not change substantially, although the
ion concentration profiles undergo a dramatic nonlinear
transition toward the final steady state values.

The potential difference across the capillary, or the
transcapillary potential, attains values that are within
10% of the steady-state streaming potential within a
very short time. Following this, the approach to the
streaming potential slows down dramatically, and this
process is primarily dictated by the dynamics of the ion
transport in the system. The time at which the elec-
trical potential reaches a steady-state value is not pre-
cisely known, although our simulations suggest that this
steady-state potential difference is established in the or-
der of 0.1 to 1 s. This time scale is several orders of
magnitude larger than the time scale for the establish-
ment of the purely hydrodynamic steady-state. We wish
to point out here that reaching the hydrodynamic steady
state i.e., when the variations of pressure drop and flow
rate with time are negligible, does not necessarily imply
that the electrical potential difference across the chan-
nel has reached its steady-state value. The steady-state
streaming potential is attained only when there is no
net current.

The above discussion brings out a serious deficiency
in existing analytical approaches for evaluating the tran-
sient electrokinetic flow behaviour [6], [7]. These ana-
lytical approaches assume the existence of a stationary
electric double layer in the channel during electrokinetic
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Figure 4: Axial variations of the (a) electric potential,
(b) co-ion concentration and (c) counter-ion concentra-
tion along the capillary centerline (r̄ = 0) during the
later stages of the transient electrochemical transport.

flow, and use the Poisson-Boltzmann equation to deter-
mine the radial ion distributions in the channel. This
procedure completely eliminates any transient ion trans-
port effects from the governing equations, and conse-
quently, the evolution of the streaming potential and as-
sociated electrokinetic phenomena become strictly dic-
tated by the time scales of the N-S equations. Such
a behaviour is clearly evident from the time scales de-
picted in [7], which are of the order of the hydrodynamic
relaxation time. The numerical results presented here
show that the attainment of the steady state streaming
potential is a markedly complex process, and involves a
rapid initial establishment of a potential gradient due to
the imposed pressure -driven flow, followed by a consid-
erably slower relaxation of the ion concentration distri-
butions in the axial direction. Indeed, the initial stages
of the transport process causes negligible distortion of
the electric double layer, as is evident from the ion con-
centration profiles of Fig. 3. However, the potential
difference established across the capillary at this initial
stage of electrokinetic flow, while close to the streaming
potential, is not representative of a steady-state process.
A more detailed and complimentary disccusion of the
evolution of electrical potential, field and composition
can be found elsewhere[11].

4 Concluding Remarks

The finite element simulations of the electrochemi-
cal transport equations presented in this study identify,
and attempt to bridge, some of the gaps in the the-
oretical approaches employed in traditional electroki-
netic models for capillaries. Some of the key observa-
tions are: (i) The electrokinetic models for transport
through infinitely long capillaries are capable of pre-
dicting the steady state streaming potentials across a

finite length capillary with remarkable accuracy. How-
ever, one should note that such comparisons involve us-
ing the conditions prevailing at the mid-section of the
finite length capillary, where the flow has fully devel-
oped. (ii) The transient development of the streaming
potential occurs rapidly during the initial stages of the
flow development, followed by a gradual relaxation to
the steady state. The ion concentrations in the capil-
lary are not perturbed from the initial stationary dis-
tributions (governed by the Poisson-Boltzmann equa-
tion) during this initial stage. At later stages, however,
the ion concentrations develop a sizeable axial gradient.
This variation of ion concentrations is not associated
with a substantial change in the electrical parameters.
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