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ABSTRACT
For many biological applications, it is becoming increasingly important to extend imaging capabilities to
simultaneously identify multiple molecular species in order to gain insight into the structural and functional elements of cells. A key part of this drive is the ability to
rationally optimize various labeling techniques, which in
turn requires an understanding of the basic physical processes operating during the labeling process, and how
these processes interact. The kinetics of the immunocolloid labeling process are typically modeled using a
Langmuir kinetic equation [1]. However, very diﬀerent
behavior which can not be explained by a Langmuirtype model has been noted in certain experiments [2],
[3]. We develop a mathematical model for the labeling
process which exhibits these two behaviors in diﬀerent
parameter limits, gives some insight into how to optimize the labeling process, and can easily be extended to
more complicated situations.
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INTRODUCTION

Immunocolloid labeling is a technique for imaging
molecular scale features in many biological applications.
The method starts by conjugating colloidal heavy metal
particles to ligand molecules which bind to the target
molecules of interest. Gold is frequently used as the
heavy metal, hence the process is often referred to as
immunogold labeling. The specimen to be labeled is
bathed in a suspension of the composite metal-ligand
label particles, the label particles diﬀuse to and bind to
the target molecules, and once the labeling process is
complete, the labeling suspension is washed away and
the specimen is prepared and viewed under an electron
microscope. While the target molecules may be diﬃcult
to detect directly, the label particles are easily detected.
This process widely used, but in order to maximize
its eﬀectiveness and advance the development of multiple labeling techniques, in which several diﬀerent target
molecules are simultaneously marked with label particles which can be distinguished under the electron mi-

croscope by size, shape, or composition, a theoretical
framework needs to be developed that will give some
insight into how to choose the experimental parameters
such as concentration of labeling particles, the time for
which the specimen is exposed to the labeling suspension, and so on.
To this end, we have developed a mathematical model
based on the two most basic physical mechanisms needed
to describe the labeling process: diﬀusion of the label
particles through the suspension to the immobile target sites, and the chemical reaction between the label
particles and target molecules. In its simplest form, the
model depends on only one nondimensional parameter,
the Damköhler number Da, which can be thought of
as the ratio of a time scale for the reaction to a time
scale for diﬀusive transport of the label particles. In the
limit of small Da, this model reproduces the results of
the Langmuir-type model typically used to describe the
labeling process [1], which assumes that the process is
limited by the rate of the binding reaction.
On the other hand, it is well known that in certain
situations the process is limited by diﬀusion of the label
particles [1]. This can happen when the target molecules
are densely packed on a surface, leading to depletion of
the label particles close to the surface, as is the situation in certain experiments described in [2], [3]. This
corresponds to the large Da limit of the model described
herein.
The model has several nice features. In its simplest
form, as presented here, it depends on only one nondimensional parameter, the Damköhler number Da. It is
clear how all the experimentally accessible parameters
enter into Da and hence easy to understand what happens when multiple experimental parameters are varied.
Asymptotic solutions can be developed in the two limits
0  Da  1 and Da  1 which in fact turn out to be
good approximations to the true solutions over almost
the entire range of Da. The model is easily solved numerically, especially in the middle range when Da ≈ 1
and neither of the asymptotic solutions does a good job.
Finally, the model provides a good starting point. It can
easily be extended to allow more complicated chemistry
at the boundary, interactions between the label particles, complicated boundary geometry, multiple labeling,
and so on.
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MATHEMATICAL MODEL

As indicated above, our basic model consists of a diffusion equation for the concentration C of label particles
in the suspension, coupled to an equation modeling the
binding of the label particles to the target molecules on
the boundary. The model assumes that there is a uniform surface concentration B at the boundary, which is
appropriate for the experiments discussed in [2], [3], and
hence ignores variations along the boundary. We have:
0<x<∞:

Ct = Cxx ,

(1)

where C is the nondimensionalized concentration, scaled
by the dimensional initial concentration C0 , and x is
the nondimensionalized distance from the boundary to
which the target molecules are conﬁned. We also need
to keep track of the target molecules on the boundary,
or equivalently, the surface concentration of bound label particles. This is done through the following two
boundary conditions:
x=0:

Bt = Cx ,

Da−1 Bt = C(1 − B).

(2)

The ﬁrst of these states that the rate of change of the
surface concentration B of bound label particles is equal
to the net ﬂux of label particles to the surface from the
suspension. The second states that the labeling process follows mass action kinetics, with the reaction rate
proportional to the product of the label particles in the
suspension adjacent to the boundary and the surface
concentration of free (unlabeled) target molecules. For
simplicity, we ignore the dissociation reaction. The surface concentration is nondimensionalized with reference
to B0 , the surface concentration of target molecules,
or equivalently, the maximum surface concentration of
bound label particles. We assume that the length scales
associated with the problem are very small compared to
the size of the experimental setup, and impose a no ﬂux
condition at inﬁnity:
x=∞:

Cx = 0.

(3)

Finally, we have the initial conditions:
t=0:

C = 1,

B = 0.

(4)

This is the form the equations take if we use diﬀusive
length and time scales. The diﬀusive length scale is
B0 /C0 , which can be thought of as the thickness of a
layer of the initial suspension which contains exactly
enough label particles to bind to all target molecules.
The diﬀusive time scale is B02 /(C02 D), where D is the
diﬀusion constant for the label particles in suspension.
Since the particles are colloidal and subject to Brownian
motion, D can be approximated by the Stokes-Einstein
formula,
D=

156

κT
,
6πµR

(5)

where κ is Boltzmann’s constant, T is the temperature,
µ is the dynamic viscosity of the ﬂuid in which the particles are suspended, and R is the radius of the particle.
The only nondimensional parameter is the Damkhöler
number,
Da =

kA B02
B 2 /(C02 D)
diﬀusion time scale
= 0
=
DC0
1/(kA C0 )
reaction time scale

(6)

The experimental parameter which may most easily be
adjusted over a wide range is the initial concentration
of labeling particles, C0 . Assuming that the labeling
process is limited by the reaction, i.e. looking at the
parameter regime 0 < Da  1, really means that with
everything else held ﬁxed, we have chosen C0 so that the
process consumes only a small portion of the available
supply of label particles. This may be diﬃcult to arrange if the target molecules are densely packed, i.e. if
B0 is large. This complementary situation with Da  1
leads to a depletion of the supply of label particles adjacent to the boundary, so that the process is limited by
the diﬀusive transport of labels to the boundary.

3

LARGE Da LIMIT

If we formally set Da = ∞ in (2), we get a simpliﬁed
solution with two possible solutions. The second condition in (2) reduces to two possibilities: either B = 1,
or C(x = 0, t) = 0. The ﬁrst of these leads to the very
simple solution B = 1, C = 1, which corresponds to
the long time limit in which the labeling process is complete. The second possibility also leads to a simpliﬁed
problem, in which we can ﬁrst solve for C, from (1), (3),
(4) and C(x = 0, t) = 0. This problem has the solution

x
√ ,
C = erf
(7)
2 t
where erf is the error
√ function. We can then compute
Cx (x = 0, t) = 1/ πt, and use the ﬁrst equation in (2)
to ﬁnd that
√
2 t
B= √ .
(8)
π
This solution can only be valid for 0 ≤ t ≤ π/4 at best,
since we have scaled the problem so that 0 ≤ B ≤ 1.
In fact, an asymptotic analysis of the problem shows
that in the limit Da → ∞, the solution to the problem
converges to the limiting solution

2 t/π 0 ≤ t < π/4
B=
.
(9)
1
t ≥ π/4
Corrections to this solution for large but ﬁnite Da can
be obtained systematically, but are not reproduced here
because they are somewhat complicated.
There are two points we want to make here about
the limiting solution (9) and its reﬁnements. The ﬁrst
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is that that this simpliﬁed solution agrees with the experimental results and the theoretical analysis based on
the Brownian transport of label particles reported in
[2],[3]. The second is that including the ﬁrst correction
to (9) gives an approximate solution for B which agrees
well with the solution obtained by numerically solving
the problem for 2 < Da < ∞.

4

SMALL Da LIMIT

As noted above, in this limit we expect the solution
to evolve on the reactive time scale. Since (1)–(4) were
obtained using diﬀusive length and time scales, we expect that we will need to rescale the problem in this
limit. In fact, naively setting Da = 0 in (1)–(4) leads to
the solution C = 1, B = 0, i.e. the solution is pinned
at the initial √
conditions and does not evolve. Setting
τ = Dat, ξ = Dax, we obtain
0<ξ<∞:
ξ=0:
ξ=∞:
τ =0:

Cτ = Cξξ ,
Cξ =

√

(10)
Bτ = C(1 − B),

DaBτ ,

Cξ = 0,
C = 1,

(11)
(12)

B = 0.

(13)

If we now set Da = 0, the problems for C and B decouple. Solving for C using (10), Cξ (ξ = 0, t) = 0 from
(11), (12) and (13) gives C = 1. Therefore, we are left
with a linear, constant coeﬃcient, ordinary diﬀerential
equation, in fact just the Langmuir kinetic equation, for
B from (11), with solution B = 1 − exp(−τ ). If we go
back to dimensional variables,
B = B0 (1 − exp(−kA C0 t)) ,

6
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OUTLOOK AND CONCLUSIONS

We have presented a mathematical model for the immunocolloid labeling process. The model is consistent
with existing theoretical results in the two limiting cases
in which either the association reaction or the diﬀusive
transport of label particles is the rate limiting step in
the process. It allows the rational development of a sequence of approximate solutions valid in each of these
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