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ABSTRACT

Compact models for the viscous damping coefficient
in narrow air gaps between laterally moving structures
are reported. The gas rarefaction effects are included
in these small-displacement models. In the first part
of the paper, a simple frequency-independent first-order
slip-flow approximation for the damping coefficient is
derived. The resulting simple approximation has a max-
imum relative error of less than ±0.6 % at arbitrary
Knudsen numbers at viscous, transitional and free molec-
ular regions.

In the second part of the paper, the dynamic model
for the damping force is derived, considering again the
gas rarefaction, by applying the slip-velocity boundary
conditions. An analytic expression for the damping co-
efficient to be used in the frequency-domain analysis of
an oscillating structure is presented. These dynamic
model is implemented also as an electrical equivalent
admittance, constructed of RC sections, to allow both
frequency and time domain simulations with a circuit
simulator.

Keywords: Gas damping, Effective viscosity, Knudsen
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1 INTRODUCTION

The internal friction of the gas, the viscosity, in the
gaps between moving structures generates forces propor-
tional to velocity, that is, damping forces. At low pres-
sures or at very narrow gaps, typical for micromechan-
ical devices, the behaviour of the gas flow will change
due to the gas rarefaction effect. The damping mech-
anism for structures that move perpendicular to their
surfaces is called squeezed-film damping effect. In [1],
simple approximations for the rarefaction effect in this
squeezed-film damping case have been presented in the
form of an effective viscosity.

When the structures move in parallel with their sur-
faces, e.g., in various surface-micromachined structures,
the flow velocity profile is quite different: linear (Cou-
ette flow) instead of parabolic (Poiseulle flow). The
squeezed-film effective viscosity equations do not ap-
ply in this case. Moreover, the damping phenomena

at high surface velocities are not restricted to narrow
gaps. The dissipation also takes place at the “boundary
layer”, that will be formed close to the moving surface.

In the first part of this paper, two models for the
gas rarefaction effect for surfaces moving slowly (Re�1)
in parallel with the surfaces are compared: the first-
order slip-flow approximation [2] and a more accurate
model derived from the linearized Boltzmann equation
by several authors, e.g., Cercignani and Pagani [3] and
Shakhov [4]. As a result of the comparison, the first-
order model is slightly adjusted to decrease its relative
maximum error from about 7 % to ±0.6 %.

The second part of this paper discusses the damp-
ing at higher velocities (Re≥1), that is, the frequency-
dependency of the damping is included in the model.
At a relatively high frequency, the inertia of the gas will
change considerably the flow profile, effectively increas-
ing the damping. Zhang and Tang [5] have given a model
for the frequency dependency by using a simple formula
for the penetration depth. Cho et al. [6] have given a
more complicated model for the frequency dependent
damping coefficient. In this paper, these models are ex-
tended to include the gas rarefaction effects. Since the
slip-flow boundary conditions give good results at low
velocities, they are also applied to approximate the so-
lution at higher velocities.

First, an analytic expression is derived that models
the damping force of an oscillating plate as a function
of frequency. Then, a general dynamic model, valid in
both the frequency and the time domain, is implemented
approximately as an electrical equivalent circuit.

2 FREQUENCY-INDEPENDENT
DAMPING MODEL

Assume two surfaces bounding a flat gas film. The
first surface, at z = d moves with velocity vr in the
direction of the x axis, while the second at z = 0 does
not move, see Fig. 1. The surfaces are assumed large
compared with other dimensions, and thus the border
effects are ignored here.

2.1 First-order Slip-velocity Model

At low surface velocities (Re�1), the gas velocity
profile can be assumed to be linear, and due to the gas
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Figure 1: Structure of the air-gap.

rarefaction, the gap width effectively increases by 2λ,
where λ is the mean free path of the gas. According to
Burgdorfer [2], the shear stress at one of the surfaces is

τxz =
ηA

d+ 2λ
vr, (1)

where A is the surface area and η is the viscosity coef-
ficient. The contribution of the mean free path can be
included into the effective viscosity:

ηeff,s =
η

1 + 2Kn
, (2)

where Kn, the Knudsen number, is the measure of the
rarefaction effect. It is the ratio between the mean free
path λ and gap height d: Kn = λ/d. The resulting
damping coefficient ξ is then simply

ξ =
τxz

vr
=
ηeff,sA

d
. (3)

2.2 Kinetic Gas Model

In order to find a more accurate model for the effec-
tive viscosity, the linearized Boltzmann equation is ap-
plied instead of the slip velocity boundary conditions.
Cercignani and Pagani [3] presented an analytic solu-
tion to this problem with variational methods. They
expressed the stress τxz relative to the stress in the free
molecular region τxz,fm:

τxz = πxzτxz,fm, (4)

where

πxz =
1

2
+ T1(D) +

√
π

2
Jmin, (5)

where D =
√
π/(2Kn) is the inverse Knudsen number,

Jmin is the minimum value of a functional, and functions
Tn(x) are the Abramowitz functions [7]. Using a linear
trial function, the expression for Jmin is [3] (the equa-
tions in the original reference contain printing errors)

Jmin = −
c21
c11

, (6)

where

c1 =
1
√
π

{
D[1 + 2T1(D)] + 4T2(D)−

√
π
}
,

c11 =
1
√
π
{D2[1 + 2T1(D)] + 8DT2(D) + 8T3(D)− 4}.

For large D, πxz approaches
√
π/D (this result has

been confirmed more numerically than analytically).
When D approaches infinity, ηeff,b approaches η, and

we can write

ηeff,b =
πxzD√
π
η. (7)

The damping effect due to the gas rarefaction is smaller
than in the squeezed-film damping case, but even at at-
mospheric pressures in air (λ = 64 nm) and in a 1µm
gap, the effective viscosity decreases the damping coef-
ficient of about 12 %. Since the mean free path is in-
versely proportional to the pressure, the damping will
be considerably smaller at lower pressures.

The slip-flow equation (2) differs from Eq. (7) mostly
at around Kn = 1. Its maximum relative deviation is
about 7 %, and the error approaches 0 at small and large
values of Kn.

2.3 Improved Slip-Flow Approximation

For practical implementation in computer programs
or for hand-calculus, a modified expression for Eq. (7)
is given here. The modified expression, a result of curve
fitting, for the effective viscosity is

ηeff,m =
η

1 + 2Kn + 0.2 ·K0.788
n e−Kn/10

. (8)

The maximum relative error of this approximation, at
all values of Kn, is less than ± 0.6 %

3 DYNAMIC DAMPING MODEL

The model presented in the previous section of this
paper assumes a full established Couette flow ignor-
ing the inertia effect of the gas. To extend the damp-
ing model to be valid at higher frequencies, the time-
dependent velocity profile of the gas must be consid-
ered. The dynamics of the gas is modelled with the
one-dimensional diffusion equation

∂v(z)

∂t
= ν

∂2v(z)

∂z2
, (9)

where ν is the kinematic viscosity ν = η/ρ and ρ is the
density of the gas.

3.1 Frequency-Domain Analytic Model

Eq. (9) can be solved in the frequency-domain for a
steady-state sinusoidal velocity excitation having an am-
plitude of vr. The boundary conditions for the velocity
v(z) including the slip velocity are [2]

v(0) = vr + λ
∂v(z)

∂z

∣∣∣∣
z=0

, (10)

v(d) = −λ
∂v(z)

∂z

∣∣∣∣
z=d

. (11)



The velocity function that satisfies Eq. (9) with the
given boundary conditions is

v(z) = −vr
sinh(qd− qz) + qλ cosh(qd− qz)

(1 + q2λ2) sinh(qd) + 2qλ cosh(qd)
, (12)

where q =
√
jω/ν is the complex frequency variable.

The shear stress acting on a surface of area A is

τxz = −ηAvr
∂v(z)

∂z

∣∣∣∣
z=0

. (13)

Substituting Eq. (12) in Eq. (13) yields

ξ=
τxz

vr
=ηAq

cosh(qd) + qλ sinh(qd)

(1 + q2λ2) sinh(qd) + 2qλ cosh(qd)
. (14)

The damping coefficient is the real part of ξ and the
imaginary part of ξ can be interpreted as the contri-
bution of an additional effective mass sticking to the
surface. The damping coefficient is

Re(ξ) = ηAβ
sinh(2βd) + sin(2βd) + k1

cosh(2βd)− cos(2βd) + k2
, (15)

where β =
√
ω/(2ν) and

k1 = 4γ[(1 + γ2) cosh(2βd) + (1− γ2) cos(2βd)]

+ 6γ2[sinh(2βd)− sin(2βd)],

k2 = 4γ[(1 + 2γ2) sinh(2βd) + (1− 2γ2) sin(2βd)]

+ 4γ2[(2 + γ2) cosh(2βd) + (2− γ2) cos(2βd)],

where γ = βλ.
Let us analyze the properties of Eq. (14) in a few ex-

treme cases. When λ = 0, k1 = k2 = 0 and Eq. (15) re-
duces to the expression given by Cho et al. [6], and when
ω approaches 0, it approaches the frequency-independent
damping coefficient given in Eq. (3). Moreover, when
ω approaches infinity, the damping coefficient will ap-
proach a real value of ηA/λ. This indicates that a
“boundary layer” of width λ has been established.

The accuracy can be improved, at least at low fre-
quencies, by applying the model derived from the Boltz-
mann equation in Eq. (8). This is accomplished simply
by multiplying the damping coefficient by ηeff,m/ηeff,s.

3.2 Electrical Equivalent Circuit Model

For frequency domain analysis, the admittance in
Eq. (14) can be implemented as a single circuit ele-
ment whose value is directly evaluated at each frequency
point. A model that is valid in both the time and the
frequency domain can be implemented as an electrical
equivalent circuit applying electrical equivalencies: ve-
locity is interpreted as voltage and force is interpreted
as current, whereas the damping coefficient is equivalent
to an electrical admittance.
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Figure 2: Electrical equivalent circuit that realizes the
damping admittance. A circuit with 3 section is shown.

The admittance can be approximately synthesized
with a ladder circuit consisting of RC sections, as shown
in Fig. 2. Each section models the flow admittance of
a small slice of the gas between z = rn and z = rn+1.
The node voltages un between the sections represent the
flow velocity at discrete distances z = rn.

The value of the first resistance R0 = λ/η/A ensures
that the admittance approach the correct asymptotic
value at high frequencies. The remaining resistance val-
ues are

Rn =
1− λ/d

ηA
(rn+1 − rn), n = 1, 2, . . . , N. (16)

The values for the capacitors are

Cn =


ρAr1.5, n = 1,

ρA(rn+0.5 − rn−0.5), n = 2, 3, . . . , N − 1,

ρA(d− rN−0.5), n = N.

(17)
When r1 = 0 and rN+1 = d, the low frequency con-

ductance is accurately modelled. The distances rn and
the number of sections may be freely selected, depending
on the accuracy desired. In practice, radii synthesized
using an increasing geometric series give good results.

This electrical-equivalent model has been included in
the library of microelectromechanical components writ-
ten for the circuit simulation program APLAC [8], [9].

4 MODEL VERIFICATION

A laterally oscillating plate of 1 mm×1 mm at various
gap heights is studied. The air pressure is 1 atm. The
contribution of the gas rarefaction to the shear force
is first demonstrated. Figure 3 shows the coefficient ξ
given by Eq. (14) as a function of frequency with and
without the gas rarefaction effect.

Figure 4 compares the admittances given by the an-
alytic equation with the admittance of the equivalent
circuit at various gap heights. Four sections are used in
the equivalent circuit.

A transient response of the equivalent circuit model
for a sinusoidal velocity excitation at 500 MHz (ampli-
tude is 1 mm/s) is performed. The resulting shear force
is shown in Fig. 5 for three gap heights.
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Figure 3: The contribution of the finite mean free path λ
to the damping coefficient at atmospheric pressure. Gap
separation is 1µm and the surface area is 1 mm×1 mm.
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Figure 4: The frequency response of the synthesized ad-
mittance (——) compared with the analytic admittance
in Eq. (8) (– – –) at three gap heights.
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Figure 5: Shear force as a function of time analyzed with
the electrical equivalent circuit model.

5 CONCLUSIONS

Both an analytic frequency domain model and an
electrical equivalent circuit model for estimating the shear
stress due to the rare gas in laterally moving structures
were given. The first-order slip-flow boundary condi-
tions resulted in a good low frequency model (relative
error < 7 %), and the accuracy was further improved
using kinetic gas theory (relative error < 0.6 %).

The same boundary conditions were applied also to
derive a model for relatively large frequencies. However,
the validity of these slip-flow conditions has not been
verified for Kn � 1, and the actual error of the model
is not known. Measurements or a solution using the lin-
earized Boltzmann equation [10] could reveal the error
of the approximation. Moreover, in practical structures,
the finite length and width of the structure will increase
the damping, as shown by Zhang and Tang [5].

REFERENCES

[1] T. Veijola, H. Kuisma, and J. Lahdenperä, “The in-
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