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ABSTRACT
Numerical methods based on a shooting technique

are employed to determine the electric potential and
fluid velocity in a tube and channel when the zeta poten-
tial is not small. In addition, new analytical solutions
are presented for the fluid velocity in the extreme of
a small Debye layer thickness. Asymptotic expressions
for these results are provided for the limits of small and
large zeta potentials. We find that increasing values of
the wall potential always increase the mean fluid speed
and yield a velocity profile having a more uniform speed
near the center of the tube or channel.
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1 INTRODUCTION
Electroosmotic flows [1,2] offer two important bene-

fits over pressure-driven flows for transport processes in
microchannel devices. First, fluid speeds in electroos-
motic flows are independent of the transverse dimension
of the tube or channel over a wide range of conditions,
making this technique for driving fluid motion exten-
sible to extremely small physical scales. Second, the
profile of the fluid velocity across a tube or channel is
essentially flat, again over a very wide range of condi-
tions. The benefit of this is that solute samples may be
transported over long ranges with little dispersion due
to nonuniform fluid speeds.

Fluid velocities in electroosmotic flow in tubes and
channels are well known for the special case of a negli-
gible normalized zeta potential at the tube or channel
wall. In both geometries, analytical solutions to the
equations governing the electric potential and fluid ve-
locity have been obtained in closed form. These solu-
tions apply to all values of the normalized Debye layer
thickness. Such broad solutions have not been obtained
for cases in which the zeta potential is not small.

In the present study, analytical and numerical meth-
ods are employed to determine the electric potential and
fluid velocities for electroosmotic flow in a tube and
channel when the zeta potential is not small. Numerical
results are presented for a wide range of values of the
normalized Debye layer thickness and the normalized
zeta potential. In addition, new analytical solutions are
presented for the mean fluid speed and local fluid ve-
locity in the extreme of a small Debye layer thickness.
These are valid for all values of the zeta potential.

2 GOVERNING EQUATIONS
Here we consider two-dimensional planar or axisym-

metric flow in a tube or channel. The flow is assumed in-
compressible and transport properties are assumed con-
stant. Under these restrictions, and further assuming
that the flow is steady and that inertial effects are small,
the momentum equation may be written as

µ∇2u = ρe∇φ (1)

where µ is the fluid viscosity, ρe is the net local charge
density, and φ is the local electric potential. Finally, for
a dielectric constant, ε, that does not vary with position,
the Poisson equation governing the electric field is

ε∇2φ = −ρe (2)

and the local charge density may be related to the elec-
tric potential through the Boltzmann distribution given
by ρe=−2Fzcesinh(zFφ/RT ), where F is the Faraday
constant, z is the ion charge number, ce is the bulk fluid
ion concentration, R is the universal gas constant, and
T is the temperature.

We now introduce new normalized dependent vari-
ables, taken as u∗= u/U and φ∗=φ/ζ, where U is the
mean axial fluid speed averaged across the tube or chan-
nel, and ζ is the electric potential at the tube or channel
wall. The new independent variables are x∗ = x/a and
y∗ = y/a, where x and y are the axial and transverse
coordinates, and a is the tube radius or channel half-
height. This normalization leads to two new parameters,
the normalized Debye length,

λ∗2 =
(
λ

a

)2
=

εRT

2F 2z2cea2
(3)

and the normalized wall potential, ζ∗ = zFζ/RT . The
normalization additionally introduces one dimension-
less unknown constant, β = −µU/ε ζEx. This is the
mean axial fluid speed normalized by the Helmholtz-
Smoluchowski speed for flow past a charged surface.

Introducing these normalized variables into the prim-
itive governing equations and rearranging slightly yields

β∇2u∗ = −∇2φ∗E∗ (4)

λ∗2∇2φ∗ =
1
ζ∗

sinh (ζ∗φ∗) (5)

The new dependent variable, E∗=−∇φ/Ex is the elec-
tric field vector normalized by the applied axial electric



field, Ex. Boundary conditions for the normalized fluid
velocities are du∗/dy∗=0 at y∗=0 and u∗=0 at y∗=1.
Those for the electric potential are ∂φ∗/∂y∗=0 at y∗=0
and φ∗=1 at y∗=1.

Recognizing that the incompressible flow in a long
tube or channel must be one dimensional, and that the
radial component of the fluid velocity is therefore ev-
erywhere zero, and further recognizing that the second
derivative of the electric potential in the axial direction
is small compared to that in the transverse direction, we
see that the normalized fluid velocity can be expressed
directly in terms of the normalized electric potential as

u∗ =
1− φ∗
β

(6)

Integrating this result across the tube or channel and
equating the result to unity then yields an explicit ex-
pression for the normalized mean fluid speed

β = − µU

ε ζEx
= (n+1)

∫ 1

0

(1− φ∗) y∗ndy∗ (7)

The parameter n in Eq. (7) describes either the planar
or axisymmetric geometries by taking n=0 or 1, respec-
tively.

3 METHOD OF SOLUTION
Equation (5) governing the electric potential pos-

sesses closed-form solutions satisfying all specified
boundary conditions only for cases in which the normal-
ized zeta potential, ζ∗, is vanishingly small. In general,
Eq. (5) and the dependent equations describing the fluid
velocity and transverse variation of the solute concentra-
tion must be solved numerically. For this we employ a
very accurate shooting technique based on the following
procedure.

Given values of λ∗ and ζ∗, Eq. (5) is first integrated
from y∗ = 0 to y∗ = 1 using the boundary condition
φ∗′(0) = 0 and an initial guess for φ∗(0). The resulting
value of φ∗(1) does not necessarily satisfy the required
boundary condition φ∗(1) = 1, so an improved value of
φ∗(0) is computed based on the discrepancy between the
observed and required boundary values. This process is
repeated to convergence, each time using the improved
estimate of φ∗(0) to begin the integration. These inte-
grations are performed using a double-precision routine,
DDERKF [3], with specified relative and absolute error
tolerances of 10−12 and 10−20, respectively. New values
of φ∗(0) are computed automatically using the nonlinear
algebraic equation solver DNSQE [3].

Once the electric potential is known, the correspond-
ing value of β is computed from Eq. (7). The required
quadrature is performed by integrating Eqs. (5) and (7)
together as a coupled pair, using the correct value of

φ∗(0) previously determined. From Eq. (6), the velocity
profile is then known.

The shooting procedure described above works well
when λ∗ is greater than about 10−3. For smaller values,
the shooting target becomes difficult to hit since very
small changes in φ∗(0) then yield large changes in φ∗(1).
Because of this, an alternate method is employed when
λ∗ is very small. When λ∗ is small, the electric potential
varies only in a region close to the tube or channel wall.
The boundary condition φ∗′(0) = 0 becomes nearly su-
perfluous in this limit, and the electric potential can be
well approximated by [4]

φ∗ ∼ 4
ζ∗

arctanh
[
e(y∗−1)/λ∗ tanh

(
ζ∗

4

)]
(8)

as λ∗→0. This is an exact solution to Eq. (5) for all ζ∗

and satisfies the boundary condition φ∗(1)=1. It is ap-
proximate only in the sense that the condition φ∗′(0)=0
is not satisfied exactly except in the limit λ∗ → 0. In
practice, however, this solution is very accurate for all
λ∗ less than about 0.01. Shooting is thus unnecessary
when λ∗ is small, and the electric potential can be de-
scribed instead by this closed-form result.

4 FLUID MOTION IN A TUBE
The computed normalized electric potential and ax-

ial fluid speed are shown in Fig. 1 for electroosmotic
flow in a tube. These sample results are for λ∗ = 0.3
and a range of values of ζ∗. Here we see that increas-
ing ζ∗ is somewhat analogous to decreasing λ∗. In both
cases, the electric potential and fluid velocity develop
a steeper gradient near the tube wall, but then exhibit
an increased region of nearly uniform values near the
centerline.

Figure 2 shows computed values of the normalized
mean fluid speed, β, for a wide range of values of λ∗

and ζ∗. Here we see that increasing ζ∗ always increases
β. This is again because larger ζ∗ yields an effectively
smaller Debye layer thickness and so yields a normalized
electric potential closer to zero over a broader portion of
the tube cross-section. By Eq. (7), β is thus increased.
We also see that β approaches unity as λ∗ becomes small
and falls as 1/λ∗2 for all ζ∗ as λ∗ grows large.

In addition to numerical results like those of Figs. 1
and 2, we have obtained analytical solutions for the fluid
velocity in the extremes of small and large λ∗. Such so-
lutions serve to quantify the general observations above
and further provide valuable benchmark results for
testing more general finite-difference and finite-element
methods. Recall from Eq. (6) that the local fluid speed
under all conditions is given by u∗ = (1− φ∗)/β. Thus
local axial fluid speeds, u∗, are uniquely determined by
specifying only the normalized electric potential, φ∗, and
the normalized mean axial fluid speed, β. These are
given below in analytical form for small and large λ∗.
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Figure 1. Normalized electric potential (φ∗) and nor-
malized fluid speed (u∗) for electroosmotic flow in a tube
at non-negligible zeta potentials.

In the important practical limit of small λ∗, the elec-
tric potential is given by Eq. (8) and the corresponding
normalized mean fluid speed is

β ∼ 1− 4λ∗

ζ∗
[ Li2(ξ)− Li2(−ξ)] as λ∗→0 (9)

where ξ = tanh(ζ∗/4) and Li2(ξ) is the dilogarithm func-
tion,

Li2(ξ) = −
∫ ξ

0

ln (1−s)ds
s

=
∞∑
k=1

ξk

k2
(10)

This result, correct to order λ∗, was obtained by inte-
grating Eq. (8) in accordance with Eq. (7) defining the
normalized mean fluid speed. It agrees with the value
of β computed numerically within 5% for all ζ∗ when λ∗

is less than 0.5; when λ∗ is less than 0.2, the two agree
within 1%.

The asymptotic behavior of Eq. (8) in the limit of
small ζ∗ is

φ∗ ∼ e(y∗−1)/λ∗
(

1− ζ∗2

48

[
1− e2(y∗−1)/λ∗

])
(11)

as λ∗ → 0 and ζ∗ → 0. The corresponding normalized
axial speed in this double limit is

β ∼ 1− 2λ∗
(

1− ζ∗2

72

)
as λ∗→0, ζ∗→0 (12)

This expression for β is consistent with our previous
result [5] of β = 1−2λ∗I1(1/λ∗)/I0(1/λ∗) ∼ 1−2λ∗ for
the case of vanishingly small ζ∗. The values of 1− β
computed using Eq. (12) agree with those of Eq. (9)

Figure 2. Normalized mean fluid speed for electroos-
motic flow in a tube (solid) and channel (dashed) at
non-negligible zeta potentials.

within 3% for ζ∗ ≤ 2 and within 15% for ζ∗ ≤ 4. Note
that the mean normalized fluid speed varies weakly with
ζ∗ when ζ∗ is small. The term ζ∗2/72 yields a correction
to 1− β of only about 5% for ζ∗=2.

In the alternate extreme of large ζ∗, the asymptotic
behavior of Eq. (8) is

φ∗ ∼ − 2
ζ∗

ln
[
sech2

(y∗−1
2λ∗

)
e−ζ

∗/2− tanh
(y∗−1

2λ∗
)]

(13)

as λ∗ → 0 and ζ∗ → ∞. This yields a corresponding
normalized mean fluid speed of

β ∼ 1− λ∗π
2

ζ∗
as λ∗→0, ζ∗→∞ (14)

This expression for β can be obtained directly from
Eq. (10) since ξ→ 1 as ζ∗→∞ and Li2(1)−Li2(−1) =
π2/4. Values of 1− β computed using Eq. (14) agree
with those of Eq. (11) within 3% for ζ∗≥10, and within
1% for ζ∗≥14.

5 FLUID MOTION IN A CHANNEL
Results paralleling those of Fig. 1 for a tube are

shown for a channel in Fig. 3. Normalized mean fluid
speeds for a channel appear in the previous Fig. 2 as
dashed curves. These results are very similar to those
for a tube, except that β for a channel is everywhere
higher than that for a tube at the same λ∗ and ζ∗.

In the limit λ∗ → 0, the electric potential given in
Eq. (8) applies equally to a tube and a channel since
the Debye layer thickness is then very small compared
to the tube diameter or channel width. Despite this, the
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Figure 3. Normalized electric potential (φ∗) and nor-
malized fluid velocity (u∗) for electroosmotic flow in a
channel.

value of β differs between the two geometries owing to
the difference in Eq. (7) for the two cases. For a channel,
the normalized mean fluid speed for small λ∗ is

β ∼ 1− 2λ∗

ζ∗
[ Li2(ξ)− Li2(−ξ)] as λ∗ → 0 (15)

where again ξ = tanh(ζ∗/4) and Li2(ξ) is the diloga-
rithm function given by Eq. (10). As before, this result
was obtained using the analytical expression for the elec-
tric potential given by Eq. (8). The accuracy and appli-
cable range of this result are comparable to the parallel
result for a tube, given by Eq. (9).

In the limit of small λ∗ and small ζ∗, the electric
potential in a channel is again the same as that in a tube
and is given by Eq. (11). The corresponding asymptotic
behavior of Eq. (15) in this small ζ∗ limit is

β ∼ 1− λ∗
(

1− ζ∗2

72

)
as λ∗→0, ζ∗→0 (16)

This expression for a channel is again consistent with
our previous solution β = 1−λ∗ tanh(1/λ∗) ∼ 1−λ∗ for
vanishing ζ∗ [5]. The asymptotic behavior of Eq. (15)
at large ζ∗ is

β ∼ 1− λ∗ π
2

2ζ∗
as λ∗→0, ζ∗→∞ (17)

The corresponding potential in this limit is again given
by Eq. (13), which applies to both the tube and channel
geometries when λ∗ is small. The accuracy and applica-
ble range of Eqs. (13) and (14) are comparable to those
of the corresponding results for a tube.

6 SUMMARY
We have examined the electroosmotic fluid motion

in a tube and a channel for cases in which the zeta po-
tential is not negligibly small. Using both numerical
and analytical methods, the transverse variation of the
electric potential and fluid speed were computed over a
broad range of the normalized Debye layer thickness, λ∗,
and the normalized zeta potential, ζ∗.

The numerical procedure used here is based on a
shooting method. This procedure was checked against
previously-published analytical and numerical solutions
for both large and small values of the zeta poten-
tial [5,6,7]. In comparisons with analytical results for
a negligible zeta potential, the two agree within a rela-
tive error of 10−6 for all values of the transverse position
and values of λ∗ between 10−3 and 103.

Analytical solutions were also obtained for the fluid
velocity in a tube and channel in the asymptotic limits
of small λ∗. The accuracy and applicable range of each
solution is discussed, and expansions of the solutions for
large and small ζ∗ are provided.
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