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ABSTRACT

A computional model for colloidal aggregation is pre-
sented that considers the Brownian motion, the sedi-
mentation and the deposition experienced by the col-
loidal particles and clusters. Among the results, for
intermediate strengths of the downward gravitational
drift, the aggregation crosses over from di�usion-limited
colloidal aggregation (DLCA) to another type of ag-
gregation with a higher cluster fractal dimension, Df .
We also get a critical gelation concentration higher by
several orders of magnitude, as compared to the non-
drifting case. Although our results are in full accor-
dance with the experimental ones, some interpretations
are di�erent.
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1 INTRODUCTION

Only a few works [1-6] of the whole lore on colloidal
aggregation [7-10] consider the e�ect of sedimentation
and cluster deposition on the resulting cluster forma-
tion. However, the combined action of Brownian motion
and the external gravitational �eld may lead to a di�er-
ent behavior on the structural and dynamical quantities
describing the aggregates. Experimentalists need to re-
sort to a number of tricks to eliminate the action of the
gravitational �eld, like ipping the sample very often
during the aggregation, considering a suspension uid
whose density closely matches that of the colloidal par-
ticles, etc., in order to compare their results to the the-
oretical and simulational ones, for which only the Brow-
nian motion is considered. It is therefore necessary to
advance our theoretical and simulational knowledge of
colloidal aggregation in the presence of a gravitational
�eld, in order to have a clear knowledge of all the pro-
cesses occurring in real aggregating systems.

In the most recent experimental studies that consider
explicitly the sedimentation of the big clusters and their
deposition on the bottom of the sample, Allain et al [4, 5]
found an increase in the fractal dimension of these set-
tling clusters, attributing this increase to a restructuring

mechanism due to the hydrodynamic stresses felt by the
di�erent parts of the clusters. Another result found by
them was a much higher concentration required to have
gelation. In this article we present results of a colloidal
aggregation model that takes into account the coupling
and interplay between aggregation and sedimentation,
and that considers furthermore the subsequent deposi-
tion with the consequent mass depletion in the bulk of
the sample. Although we are able to obtain the ex-
perimentalists results, our interpretation is somewhat
di�erent.

2 THE MODEL

The sedimentation velocity experienced by a cluster of
N spherical particles of radius a and mass mo is

vs =
mo(1� �=�o)gN

f
=

mo(1� �=�o)g

kBT
DN ; (1)

where �o is the density of the particles, � is that of the
suspension uid, f is the friction coeÆcient of the clus-
ter, D (� N�1=Df ) its di�usion coeÆcient and T is the
temperature. Let to be the time for which the cluster
di�uses a particle diameter (2a), that is, to = 2a2=D.
During the same time, the cluster drifts a distance
ds = vsto = PeNd, where Pe � mo(1 � �=�o)ga=kBT
is the Peclet number of the colloidal particles in that
uid and d is the diameter of the particles. It is found
that Pe is of the order of unity if the particles are 1 �m
in diameter, 1 � �=�o is less than but of the order of
unity and T is room temperature. However, if the di-
ameter is 0:1 �m such quantity is of the order of 10�4,
while if the diameter is 10 �m, Pe goes as high as 104.
Therefore, 1 �m marks the transition between di�usive
and drifting behavior for individual particles.

Although we tried to attack this problem computa-
tionally a few years ago [6] and were able to show a
hint to the crossover to another regime with a higher
cluster fractal dimension, the model was uncapable to
proportion the much higher critical gelation concentra-
tion because there was no deposition built in the model,
a necessary ingredient as we will see. At this point we



should recognize that in order to study sedimentation
for not very high Peclet numbers, as Allain et al did
[4, 5], large box sizes have to be used that would allow
the growth of clusters big enough capable to start drift-
ing downwards. If in addition the height of the sample
has to be about 20 times its lateral dimensions [5], in
order to follow the drift of the big clusters, only a huge
lattice would permit us to study the sedimentation with
deposition. This exceeds by far our available computer
memory. Here, a cubic lattice of size L was consid-
ered instead, with periodic boundary conditions on the
3 spatial directions, that represents in an average way

any cubic slice of the prism of height H (= 20L in Ref.
[5]). Whenever a cluster moves on the z direction a
lattice spacing d, a quantity Zs is updated, that propor-
tions the total distance in units of d that the cluster has
moved downwards (taking into account the movement of
all its ancestors; i.e., the largest of the two quantities Zs
of the \parent" clusters is inherited to the \child" clus-
ter after a merging). If the movement is downwards, the
cluster is taken out of the cubic box (which means that
it has been deposited on the bottom) with probability
1=(H � Zs). Thus, the bigger clusters with the larger
Zs are taken out of the sample with higher probability.

Let us de�ne �tdif � d2=2Dmax as the time taken
by the most mobile cluster to di�use one lattice spac-
ing. Also, let �tdrif � d=vmax

s be the time taken by the
largest cluster to sediment downwards one lattice spac-
ing. The algorithm is as follows: (a) If �tdrif < �tdif
then (i) Pick a cluster in a cyclic way. (ii) The time
is increased by �tdrif=Nc(t), Nc(t) being the number
of clusters in the bulk at time t. (iii) The quantity
�tdrif vs=d is calculated and the result is added to
a variable of that cluster. If the sum is greater than
one, the cluster is moved downwards one lattice spacing
and the new value of the variable becomes the remain-
der of the sum modulus one; the variable Zs is con-
sequently updated to its previous value plus one and
the cluster is taken out of the sample with probability
1=(H�Zs). We then go back to the starting situation to
calculate �tdif and �tdrif . (iv) If the cluster is moved
but not taken out, we check for overlapping with other
clusters, in which case the moving cluster is taken back
to its original position and the overlapping clusters are
merged. We then go back to the starting situation to
calculate �tdif and �tdrif . (v) The cluster now moves
one lattice spacing on a random direction, with proba-
bility (�tdrif=�tdif )(D=Dmax). If it moves along the
z direction, Zs is updated, etc., as in point iii. (vi) If
the cluster is moved but not taken out, we check for
overlapping, etc., as in point iv. (vii) We go to point i.
(b) If, on the other hand, �tdif � �tdrif we follow the
same procedure (a), with the di�erence that everywhere
we �nd �tdrif it is replaced by �tdif .

The simulations were stopped just before gelation for

the gelling systems; for the non-gelling simulations, they
were stopped after all the clusters had been deposited.
One volume fraction � = 0:01 was considered, for which
5 values of Pe were chosen: Pe = 10�8 (DLCA simula-
tion), 10�3; 10�2; 10�1 and 100. For the �rst 3 Peclet
numbers, the system was gelling, while for the last Peclet
number it was non-gelling; for Pe = 0:1, some of the sim-
ulations percolated the box while the others didn't. For
most of the computations, 10 simulations of size L = 270
and H = 10L were done for each Peclet number, except
when trying to calculate the critical concentration to
have gelation, in which case L and � were varied also.

3 RESULTS

In Fig. 1a, for Pe = 10�8 (DLCA case), is shown a
log-log plot of the average radius of gyration of all the
clusters formed during the aggregation vs. size, the av-
erage taken over intervals of constant magnitude on the
logaritmic size scale. Although for small cluster sizes we
see a curvature that describes the corrections to scal-
ing, after the arrow labeled with the letter a we now
see a very good straight line, spanning more than two
decades, that ends at the second arrow with the same
label. The fractal dimension obtained from this straight
line, Dfa = 1:882, compares well with the reported
DLCA value on cubic lattices [11] at the given concen-
tration (Df = 1:887). Beyond the second arrow the big
clusters, with a linear size of the order of magnitude of
the enclosing box, try to reach the higher percolating
clusters fractal dimension. In Fig. 1b, for Pe = 0:001,
we now clearly see that the straight line breaks into two
straight lines, the breaking point occurring at around
N � 1000, signaling two di�erent fractal dimensions,
one for the small clusters and another for the big ones.
The small clusters fractal dimension, Dfa = 1:872, is
still close to the accepted DLCA value, while the big
clusters fractal dimension, Dfb = 2:326, is now close to
the value (2.2 or 2.3) reported by the experimentalists
[4, 5] for their big settling clusters. Although Allain et

al invoked a restructuring mechanism due to the high
hydrodynamic stresses felt by the di�erent parts of the
big drifting clusters, to account for the increase in the
fractal dimension, we are not allowed to do that. Ours
is a rigid cluster model that does not permit any re-
structuring but that, nevertheless, proportions the cor-
rect fractal dimension. The explanation proposed here
is simpler: The big settling clusters sweep, on their way

downwards, the small clusters and single particles they

�nd below, which in turn get inside the holes of the big

clusters, making them more compact. In Fig. 1c, for
Pe = 0:01 the breaking point now occurs at around
N � 200, indicating that smaller clusters are now drift-
ing downwards. The small clusters fractal dimension in
this case, Dfa = 1:868, is again close to the accepted
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Figure 1: A log-log plot of the average radius of gyration
of the clusters vs. size for the Peclet numbers: (a) Pe =
10�8, (b) Pe = 0:001, and (c) Pe = 0:01. Between
the arrows labeled a and labeled b we can clearly see
the appearance of well de�ned straight lines, de�ning
the small clusters and the big clusters fractal dimension,
respectively.

DLCA value, while the big clusters fractal dimension,
Dfb = 2:270, is again close to the Allain et al value
[4, 5].

The following procedure was used to obtain the criti-
cal gelation concentration ��: For a given Peclet number

and a given system size L, about six values of � around
(above and below) �� were considered. For each of those
� values 20 (sometimes 40) simulations were run and a
record was kept of the number of simulations that per-
colated the enclosing box. We de�ned the probability
to percolate, Pg , for a given � as the number of simu-
lations that percolated divided by the total number of
simulations done for that �. In Fig. 2a are shown the
six points for the case Pe = 0:01 and L = 120, while in
Fig. 2b we see the corresponding points for the Pe =
0:01 and L = 210 case. As it is evident from the �gure,
the gelation transition becomes sharper the larger the
box size we consider. The six points can be �tted very
well by the following function:

P = (tanh(a(�� b)) + tanh(ab))=(1 + tanh(ab)); (2)

where a and b are two adjustable parameters. The crit-
ical concentration �� was de�ned as that � value for
which the function P had the value of 1/2. As it is
also evident from the �gure, �� becomes smaller for the
larger box sizes.

With the values of �� as function of Pe and L we are
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Figure 2: The probability to gel as a function of con-
centration for: (a) Pe = 0:01 and L = 120, and (b)
Pe = 0:01 and L = 210.



now able to obtain the phase diagram, shown in Fig.
3. In that �gure we are plotting �� vs. 1=L for each
Peclet number considered. As we can see, the points
lie nicely on a straight line whose intercept with the ��

axis gives the critical gelation concentration for the in-
�nite system. Above each of the straight lines we have
the gel phase while below we have the sol phase, for the
corresponding Peclet number. We note from the �gure
that the straight line for Pe = 10�8 (DLCA case) has
a zero intercept with the �� axis (the small negative
value shown in the �gure comes from the statistical un-
certainties). This should be the case for an aggregating
system made of fractal aggregating entities (clusters).
The interesting thing is that for the other Peclet num-
bers the �� does not extrapolate to zero. The reason
for this nonzero value comes from the deposition of the
clusters on the bottom, which in turn produces a deple-
tion of mass in the bulk of the sample. This depletion
of mass impedes somehow the gelation transition, mak-
ing it more diÆcult to occur. This is the �� change by
several orders of magnitude found by Allain et al [4],
when going from the DLCA case to a Peclet number of
about Pe � 10�5. As a matter of fact, their �� for the
DLCA case is not actually zero because they are not
really treating an in�nite system: If the width of their
sample is of the order of a centimeter while the diameter
of the particles is of the order of a tenth of a micron,
we estimate that their L is around 105. Another proof
that the depletion of mass in the bulk causes the high
values of the critical gelation concentration comes from
the other aggregation model proposed previously by the
present author [6], in which only Brownian motion and
sedimentation were considered but with no cluster de-
position on the bottom of the sample. Although that
model proportioned the higher cluster fractal dimension,
it was not possible to obtain the much higher (by several
orders of magnitude) critical gelation concentration, but
only a little bit higher to account for the more compact
clusters produced as compared to the DLCA clusters.

In summary, we have shown with a computer aggre-
gation model, that takes into account the sedimentation
and deposition experienced by the colloidal particles and
clusters, that the system crosses over from DLCA to an-
other aggregation regime with a higher cluster fractal
dimension and with a much higher critical gelation con-
centration. Although these �ndings are in accord with
the experimental results, the interpretation given here
for the higher fractal dimension comes from the sweep-
ing mechanism which forces the small clusters and single
particles to get into the holes of the big clusters, making
them more compact, and not from any restructuring of
the clusters as proposed by the experimentalists. We
are, however, not saying that there is no restructuring
of the big clusters, which looks like a plausible idea. We
are only stressing that the main change in Df comes
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Figure 3: The phase diagram separating the gel phase
above the straight lines from the sol phase below, for
the di�erent Peclet numbers studied.

from the sweeping mechanism.
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