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ABSTRACT

The compressive strength of unidirectional fiber com-
posites in the form of Kevlar yarn with a thin outer layer
of graphene was investigated and modeled. Such fiber
structure may be fabricated by using a strong chemical
bond between Kevlar yarn and graphene sheets. Cova-
lent functionalization of graphene and Kevlar may be
achieved by modification of appropriate surface-bound
functional (e.g., carboxylic acid) groups on their sur-
faces. In this report we studied elastic response to uni-
directional in-plane applied load with load peaks along
the diameter.

The 2D linear elasticity model predicts that signif-
icant strengthening occurs when graphene outer layer
radius is about 4 % of kevlar yarn radius. The polymer
chains of Kevlar are linked into locally planar struc-
ture by hydrogen bonds across the chains, with transver-
sal strength considerably weaker than longitudinal one.
This suggests that introducing outer enveloping layer of
grapheme, linked to polymer chains by strong covalent
bonds may significantly strengthen Kevlar fiber with re-
spect to transversal deformations.

Keywords: kevlar, graphene, reinforcement,
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1 Introduction

Reinforced polymer fibers have been studied inten-
sively in search of superior fabrics for a broad range
of applications including bullet-proof vests, protective
clothing, and high-performance composites for aircraft
and automotive industries [1-2]. For most structural ma-
terials, the compressive strength is much greater than
the tensile strength. Fiber-reinforced composites are
among a few materials that exhibit a greater tensile
strength than compressive strength. This behavior re-
sults from that the compressive failure mechanism in
fiber composites is in the form of fiber micro buckling.
Static compressive strengths of unidirectional compos-
ites have been studied by several research groups in the
past few decades [3-6].

A major step forward in the protection of person-
nel against ballistic threats has been achieved by in-
troduction of Kevlar synthetic fibers and textiles. The
most common approaches for the fabrication of rein-
forced composite fibers have been melt processing and
solution coagulation spinning [7, 8]. Kevlar fibers are

produced by wet-spinning from sulfuric acid solutions
[9, 10].

On the other hand, the carbon nanotubes (CN) and
graphene sheets (GS) have been proposed as one of the
most promising additives for the fabrication of ultra-
strong polymer composites due to their advanced me-
chanical properties [11, 12]. It is well-known that car-
bon nanotubes and graphene sheets have Young’s mod-
ulus and tensile strength above 1 TPa and 60 GPa, [13-
15] respectively, while their densities can be as low as
1.3 g/cm. They may exist as single layered or multi-
layer structures. It is possible to harness the multifunc-
tional properties of graphene sheets and design novel
class of advanced composites with superior mechani-
cal and electric performance [16, 17]. Thus, various
polymeric-CN and polymeric-GS composites have be-
come a subject of intensive research and technological
development over the last years. Recently, a signifi-
cant mechanical enhancement of Kevlar fibers has been
demonstrated by incorporation of surface modified car-
bon nanotubes achieved by using N-methylpyrrolidone
(NMP) solvent [18, 19]. The maximum values observed
were for Young’s modulus 115-207 GPa; strength 4.7-5.9
GPa; strain at break 4.0-5.4 %; and toughness 63-99 J/g
[18].

In this paper we present the 2D linear elasticity model
to predict the mechanical properties of the reinforced
kevlar fibers by depositing an outer shell of graphene,
rigidly attached to Kevlar fiber by chemical bonding.
The schematic diagram of the kevlar-graphene fibers is
shown in Figure 1. Graphene outer layer can be formed
by soaking kevlar single fiber with graphene dispersed
in N-methylpyrrolidone (NMP) solvent. By using spin-
ning technique it will be possible to create a composite
structure by depositing an outer layer of graphene en-
veloping the Kevlar fiber. This lead us to hypothesize
that graphene could be incorporated into swelled Kevlar
fibers by soaking fibers in a dispersion of graphene in
NMP. Covalent functionalization of graphene and Kevlar
may be achieved by modification of appropriate surface-
bound functional (e.g., carboxylic acid) groups on their
surfaces.

The main goal of this paper is to model the mechan-
ical behavior of kevlar-graphene fibers and to predict
the optimal thickness of the outer layer of graphene for
strengthening. We show that within 2d linear elasticity
model, and taking realistic Young modulus and Poisson
ratios for transversal deformations, reinforcement starts
to occur when the outer hard shell radius was about 4
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% of kevlar fiber radius (corresponding to about 8 %
weight). This prediction is close to the experimental
data reported in Ref (1).

Kevlar

Graphene

R1

R2

Figure 1: Schematic diagram of Kevlar-graphene system:
the inner part is Kevlar fiber with radius R1, the outer layer
is graphene with radius R2, (R2 > R1);

2 Explicit solution

Airy stress function U is a function from which the stress
(and strain) tensors can be derived at any given point x, y;
those stress/strain tensors will then automatically satisfy the
equilibrium equations of linear elasticity. Airy stress function
is a solution of bi-harmonic equation

∆2U = 0. (1)

It is related to the stress tensor by

σyy = ∂2U
∂x2

,

σxx = ∂2U
∂y2

,

σxy = − ∂2U
∂x∂y

,

(2)

It is well-known that a biharmonic function can be ex-
pressed via two analytic functions φ(z), χ(z), z = x+ iy :

2U = z̄ϕ+ zϕ̄+ χ+ χ̄ (3)

Passing to polar coordinates (r, θ), it follows that all compo-
nents of the stress tensor can be expressed via two analytic
functions Φ(z) and Ψ(z),

σrr + σθθ = 2
(
Φ + Φ̄

)
,

σrr − iσrθ = Φ + Φ̄− e2iθ (z̄Φ′ + Ψ) ,
(4)

(Analytic functions Φ(z) and Ψ(z) are related to φ(z), χ(z)
by Φ(z) ≡ ϕ′; Ψ(z) ≡ χ′′; z = x+ iy.)

We expand functions Φ, Ψ in Laurent series in the outer
ring, and in Tailor series on the inner disk,

R1 ≤ |z| ≤ R2

Φ =

∞∑
n=−∞

anz
n,Ψ =

∞∑
n=−∞

pnz
n;

(5)

|z| ≤ R1

Φ =

∞∑
n=0

bnz
n,Ψ =

∞∑
n=0

qnz
n.

(6)

We assume that external stress applied to the outer bound-
ary |z| = R2 is known, and has a Fourier series expansion

σrr − iσrθ =

∞∑
n=−∞

An
(
R2e

iθ
)n

, (7)

subject to zero torque and zero total force conditions,

A0 = Ā0;
A1 = 0.

(8)

Our equations imposed on the inner boundary |z| = R1 im-
ply that stress tensor components σrr, σrθ, and the displace-
ment vector are continuous across the inner boundary. Im-
posing such conditions on the outer and inner boundary, we
can find explicitly all components of the stress tensor. Those
are given by (4), with coefficients in expansions (5), (6) ex-
plicitly given as follows:

a0 =
R2

2A0(2µ1−µ2+κ1µ2)

2(−R2
1µ1+2R2

2µ1+R2
1κ2µ1+R2

1µ2−R2
2µ2−R2

1κ1µ2+R2
2κ1µ2)

,

b0 =
R2

2A0(µ1+κ2µ1)

2(−R2
1µ1+2R2

2µ1+R2
1κ2µ1+R2

1µ2−R2
2µ2−R2

1κ1µ2+R2
2κ1µ2)

,

b1 =
R3

2Ā−1(µ1+κ2µ1)

R4
2µ1+R4

1κ2µ1−R4
1κ1µ2+R4

2κ1µ2
,

ā−1 = 0,

a1 =
R3

2Ā−1(µ1+κ1µ2)

R4
2µ1+R4

1κ2µ1−R4
1κ1µ2+R4

2κ1µ2
an
ā−n
bn
qn−2

 = M−1


R2−n

2 An
R2+n

2 Ā−n
R2−n

2 An
R2+n

2 Ā−n

 , n ≥ 2;

M =

(−1 + n)
(
R2

1 − R
2
2

)
−R2−2n

1 + R2−2n
2 −(−1 + n)R2

1 −1

−R2+2n
1 + R2+2n

2 −(1 + n)
(
R2

1 − R
2
2

)
R2+2n

1 0

(−1 + n)
(
R2

1 − R
2
2

)
R2−2n

2 + R2−2n
1 κ2 −

(−1+n)R2
1µ2

µ1
−µ2
µ1

R2+2n
2 + R2+2n

1 κ2 −(1 + n)
(
R2

1 − R
2
2

)
−
R

2+2n
1 κ1µ2

µ1
0


,

(9)

pn = −R−n
2 A2+n − (1 + n)R2

2a2+n +R−2−2n
2 ā−2−n

(10)

Here κ =
λ+ 3µ

λ+ µ
, and parameters λ, µ are related to

Young modulus E and Poisson ratio ν as follows,

λ = Eν
(1+ν)(1−2ν) , µ = E

2(1+ν) .

We take experimental values for transverse Young mod-
ulus E1 = 5 GPa and Poisson ratio ν1 = 0.35 for Kevlar,
and E1 = 600 GPa and Poisson ratio ν1 = 0.2 for
graphene.

3 Analyzing solution

For a given load on the outer boundary (7), we com-
pute components of the stress tensor on all the domain,
including Kevlar fiber as well as graphene outer layer,
(4), (5), (6), (9), (10). We use experimental values for
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transverse Young modulus E1 = 5 GPa and Poisson ra-
tio ν1 = 0.35 for Kevlar, and E1 = 600 GPa and Poisson
ratio ν1 = 0.2 for graphene .

In this paper we analyze in detail response to uni-
directional compression load applied to small neighbor-
hoods of two diametrically opposite points on the outer
boundary . Such load may be used to estimate response
to compression of fiber created by impacting projectile,
with fiber pressed against other fibers to stay in place.
We assume that in such case high loads will be applied
in small neighborhoods of points of contact, and will
be uni-directional. Compressing force is applied on the
outer boundary in the −Y direction in a small neigh-
borhood of Y axes intercept, with an opposite balancing
force applied in diametrically opposite region. Magni-
tude of the force per transversal to Y area element has

narrow peaks centered at θ = ±π
2

; we take the magni-

tude to be constant (1 GPa ) at such peaks, and we take
width of the peak to be w = π

16 (outside of the peaks,
we take a smooth interpolation to zero value in a small
angular region of width ε). Thus fY , the Y axes projec-
tion of applied force per transversal to Y area element,
as a function of polar angle, is given by

fy =


−1, |θ − π

2 | ≤
θw
2

1, |θ + π
2 | ≤

θw
2

0, |θ ± π
2 | > θw + ε.

(11)

Corresponding stresses applied on the outer boundary ,
as functions of polar angle, are

σrr = fy(θ)| sin θ| sin θ
σrθ = fy(θ)| sin θ| cos θ.

(12)

3.1 Estimating yield

Yield criteria for a broad class of materials may be
given in terms of Von Mises stress. Von Mises stress
is proportional to the square root of sum of squares of
characteristic values of trace-free part of the stress ten-
sor, and for planar loads is given by

σM =
√
σ2
xx + 3σ2

xy + σ2
yy − σyyσzz + σ2

zz − σxx(σyy + σzz),

where σzz = λ
2(λ+µ) (σxx + σyy).

(13)
Von Mises yield criteria is that yield occurs when maxi-
mal value of σ M taken over the domain becomes equal
the critical value σyield , specific for the material. For

Kevlar, σyield ≈ 2.9 GPa for longitudinal loads [20];

but for transversal loads it is lower (e.g. for Kevlar/PEKK
composite transversal strength is 21 MPa , [21] ).

In Figure 2(a), we plot σmax (R1), the maximal value
of Von Mises stress in Kevlar fiber region as a function
of R1. External load is uni-axial compression in the Y
direction, applied on the outer graphene shell in a small

region around the Y axes; this load does not change
throughout the computation.

If at fixed external load, maximal von Mises stress
in Kevlar region is reduced by a factor of 2, say, that
implies that combined Kevlar-graphene system will have
twice bigger yield strength (we assume that yield strength
of graphene is much bigger then transversal yield strength
of Kevlar, and that linear elasticity approximation suf-
fices for the estimate). Thus in Figure 2(b) we plot
σmax (R2)

σmax (R1)
, which gives an increase in yield strength of

Kevlar-graphene system, as a function of
R1

R2
.

a b

Figure 2:(a) blue dots: maximal von Mises stress computed
thoughout the Kevlar fiber region, when the inner Kevlar re-
gion has radius R1, and the outer graphene shell has fixed
radius R2 = 100. Reference red line coorrespond to no
graphene reinforcment. Applied on the outer boundary force
per unit area is always the same, at ±1 unit, and is in the Y
direction; it is applied on the outer boundary within a polar
angle interval of width π

16
centered at θ = ±π

2
.

(b)
σmax (R2)

σmax (R1)
, an increase in yield strength of Kevlar-

graphene system, as a function of
R1

R2
.

We plotted Von Mises stress, given by (13) , on the
whole domain Figure 3(a), and in the Kevlar fiber re-
gion, Figure 3(b).

Figure 3: Von Mises stress σM (a) on the whole domain,

(b) in the fiber region only. Here the inner radius R1 = 95,

the outer radius R2 = 100. Applied force per unit area is

±1 unit, and is in the Y direction; it is applied on the outer

boundary within a polar angle interval of width π
16

centered

at θ = ±π
2
.
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CONCLUSIONS

The 2D linear elasticity model suggests that intro-
ducing outer enveloping layer of grapheme, linked to
polymer chains by strong covalent bonds may signifi-
cantly strengthen Kevlar fiber with respect to transver-
sal deformations.
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