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ABSTRACT

Reconstructing a topologically consistent and geo-
metrically accurate model of surface from observed data
is an important problem in geometric reverse engineer-
ing. Molecular docking is a new area which has an ap-
plication of geometric reverse engineering in surface rep-
resentation of protein molecules. In rigid body docking,
molecules are considered as rigid bodies. In this paper, a
new approach which is simple and efficient is proposed
for modeling the surface patches of protein molecules.
The approach aims at representing the huge data of
molecular surface patches with a few control points. In
the process, an inverse problem in B-spline surface fit-
ting is solved using Cholesky decomposition or singular
value decomposition of an input data matrix. The input
to the scheme is molecular surface point data arranged
on topologically rectangular grid. The results of testing
the scheme on different types of surface point data sets
prove its effectiveness.

Keywords: surface modeling, docking, geometric re-
verse engineering, b-splines, cholesky decomposition

1 Introduction

Molecular docking is a problem of maximizing the
molecular interactions. Computational molecular dock-
ing refers to the algorithms which attempt to obtain the
best binding conformation of two interacting molecules
[1]. Docking is computationally difficult because there
are many alternate binding locations and orientations in
which two molecules can bind with each other. Informa-
tion of the best binding conformation is useful in many
applications like rational drug design, cellular pathways,
macromolecular assemblies, protein folding, etc. Dock-
ing of two molecules is shown in Fig. 1.

A common classification divides docking methods into
two classes, rigid body docking and flexible ligand dock-
ing. Rigid body docking methods consider molecules as
rigid bodies. A rigid body docking procedure has three
elements: (i) representation of the molecular shape, (ii)
conformational space search and (iii) ranking of poten-
tial solutions. Shape representation is the most impor-
tant aspect of docking because the other two elements

Figure 1: Docking of two molecules

depend upon the method used for molecular shape rep-
resentation.

For molecular shape representation, a geometric ap-
proach initiated by Kuntz [2] and further elaborated and
rationalized by Connolly [3] is normally adopted. This
approach considers molecular surface as a network of
connected patches of different types such as convex, con-
cave, flat, etc. as shown in Fig. 1. The patches of two
different molecular surfaces are matched with each other
at different points and in different orientations to obtain
the best binding conformation under certain scoring cri-
terion [4].

This paper describes a simple and efficient method
for modeling of surface patches of the molecules. The
method is based upon solving an inverse problem in B-
spline surface fitting. Despite a number of approaches
tried in the literature [5,6,7,8,9], solving the inverse prob-
lem remains a difficult and computationally expensive
problem. A simplified formulation is developed in this
study to solve the inverse problem which makes use of
Cholesky decomposition or singular value decomposition
of an input data matrix [10]. The input to the scheme
is surface point data arranged on a topologically rectan-
gular grid.

2 Surface Representation

For modeling of surface patches of the molecule, B-
spline surface representation technique is used. B-spline
surface is defined in terms of a characteristic polyhedron
as shown in Fig. 2. The shape of the surface approxi-
mates the polyhedron [11]. The advantages of this sur-
face are the local control of surface and independence of
the degree of surface from number of control points [12].
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Figure 2: B-spline surface

A tensor product B-spline surface is formulated as

Q(u, v) =

n
∑

i=0

m
∑

j=0

PijNi,k(u)Nj,l(v) (1)

where
Pij = (n + 1) × (m + 1) vertices of defining

the polyhedron,
Ni,k(u), Nj,l(v) = Blending functions calculated

recursively by Equations 2& 3.

Ni,1(u) =

{

1 if ti ≤ u < ti+1,
0 otherwise.

(2)

Ni,k(u) =
(u − ti)Ni,k−1(u)

ti+k−1 − ti
+

(ti+k − u)Ni+1,k−1(u)

ti+k − ti+1
(3)

where ti = Knot values calculated by Eq. 4. For an
open curve

ti =







0 if i < k,
i − k + 1 if k ≤ i ≤ n,
n − k + 2 if i > n.

(4)

where k = order of curve. Index i varies as 0 ≤
i ≤ n + k and the range of parametric variable u is
0 ≤ u ≤ n − k + 2.

Finding Q, the surface data points, by an input of
(n + 1) × (m + 1) number of control points which are
vertices of polyhedron Pij , is known as the ’forward
problem’.

3 The Inverse Problem

For modeling of surface patches, it is the inverse
problem which is important, that is, given a known set
of data points on a surface, determine the defining poly-
hedron for B-spline surface that best approximates the
data. This, being inverse of the forward problem ex-
plained earlier, is known as the ’inverse problem’. Solv-
ing an inverse problem is useful as it yields a very small

uα

β
Q

div_v

div_u

( uα, )vβ

u
0v

0

v

Figure 3: Surface data points on a rectangular grid

number of control points as compared to the given data
points which are easy to store and process. B-spline sur-
face formulation needs data points to be parameterized
on a rectangular grid as shown in Fig. 3.

Writing out Eq. 1 for a single surface data point, say,
point Q(uα, vβ) as shown in Fig. 3 yields

Q(uα, vβ) =
[

N0,k(uα) · · · Nn,k(uα)
] [

Pij

]











N0,l(vβ)
N1,l(vβ)
...
Nm,l(vβ)











. (5)

Writing an equation of this form for each data point
on the rectangular grid yields a system of simultaneous
equations. In the matrix form the result can be written
as

[Q] = [Ct][Pij][D] (6)

where Q is the matrix of data points. It has (div u+
1)× (div v + 1) elements in it. CT is the matrix of row
vectors on the right hand side of Eq. 5. It contains
(div u + 1)× (n + 1) elements. P is a matrix of control
points. It contains (n + 1) × (m + 1) elements. D is
the matrix of column vectors on the right hand side of
Eq. 5. It contains (m + 1) × (div v + 1) elements.

Eq. 6 is simplified to the standard form,

q = [A]p (7)

where
q =Column vector of data points of dimension

(div
−

u+1)*(div
−

v+1),1,
p =Column vector of control points of dimension

(n+1)*(m+1),1,
[A] =Matrix of dimension

(div
−

u+1)*(div
−

v+1),(n+1)*(m+1).

Matrix [A] is formed by the rule derived in this study
as follows,

AI,J = dJ,I [C
t] (8)
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where
A(I,J) =(I, J) − th block of A matrix,
d(J,I) =(J, I) − th element of D matrix.

Now the inverse problem can be stated as: How to
solve system {q} = [A]{p} for unknown p when q is
given?

Solution procedure used here makes use of Cholesky
decomposition based method to solve Eq. 7. Cholesky’s
method is a popular method of solving system of linear
equations like Ap = q. If it works in a given case, it is
about a factor of two faster than the alternative methods
available for solving linear systems [15]. As Cholesky de-
composition [13] works for a square, symmetric and posi-
tive definite matrix and the surface point data available
in molecular docking problem will give a highly over-
specified matrix A, system [ATA]p = [AT]q is solved
instead of the system Ap = q. Matrix [ATA] on the
left hand side is a square matrix then.

If Cholesky decomposition fails due to matrix [ATA]
not being positive definite, a method based on singular
value decomposition [16] is used which is applicable to
a general rectangular M × N matrix.

4 Proposed Algorithm

Step 1: Input parameters n, m, k, l, div u, div v as
explained earlier.

Step 2: Calculate knot vectors by Eq. 4.

Step 3: Calculate blending function Ni,k(u) and Nj,l(v)
by Eqs. 2 and 3.

Step 4: Form matrices [Ct] and [D].

Step 5: Form matrix [A], from matrices [Ct] and [D].

Step 6: Input q vector.

Step 7: Form matrix [ATA].

Step 8: Use Cholesky decomposition to solve system
[ATA]p = [AT]q.

Step 9: If Cholesky decomposition fails, use singular
value decomposition of matrix A to solve | Ap − q |
in least square sense.

5 Results and Discussion

Numerical implementation of the algorithm has been
done in C programming language. Surface representa-
tion results are displayed in gnuplot in linux environ-
ment. For Cholesky decomposition and singular value
decomposition the routines from GNU scientific library [14]
have been used. Results of testing the algorithm on five
different data sets are shown in the Figures 4 through 8.
The values of parameters taken in the procedure are:

div u = 20, div v = 30
n = 3, m = 4

k=4, l=4

Figure 4: Surface patch 1

Figure 5: Surface patch 2

Figure 6: Surface patch 3
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Figure 7: Surface patch 4

Figure 8: Surface patch 5

6 Conclusion

Testing the proposed scheme on different data sets
justify its effectiveness for modeling the variety of sur-
face patches. A bicubic B-spline surface with sufficiently
small number of control points gives an optimal sur-
face from the analysis, convergence and fairness point
of view. Surface can be generated and manipulated eas-
ily using the control points. A Cholesky decomposition
based technique is more efficient to solve the inverse
problem while the singular value decomposition based
method is more general in nature.
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