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ABSTRACT

We develop a quantum theory of near-field electrody-
namical properties of carbon nanotubes. The theory is
used to investigate spontaneous decay dynamics and van
der Waals (vdW) attraction of a two-level atomic system
located close to a nanotube surface. We demonstrate a
strictly non-exponential spontaneous decay dynamics of
the upper state and nonlinear vdW coupling of the lower
(ground) state of the coupled ”atom–nanotube” system.

Keywords: carbon nanotubes, strong atom-field cou-
pling, atomic spontaneous decay, van der Waals inter-
actions

1 INTRODUCTION

Carbon nanotubes (CNs) are graphene sheets rolled-
up into cylinders of approximately one nanometer in
diameter. Extensive work carried out worldwide in re-
cent years has revealed the intriguing physical proper-
ties of these novel molecular scale wires [1]. Nanotubes
have been shown to be useful for miniaturized electronic,
mechanical, electromechanical, chemical and scanning
probe devices and materials for macroscopic compos-
ites [2]. Important is that their intrinsic properties may
be substantially modified in a controllable way by dop-
ing with extrinsic impurity atoms, molecules and com-
pounds [3]. Recent successful experiments on encapsula-
tion of single atoms into single-wall CNs [4] and their in-
tercalation into single-wall CN bundles [3], [5] stimulate
an in-depth analysis of atom-vacuum-field interactions
in such systems.

The relative density of photonic states (DOS) near
a CN effectively increases due to the presence of ad-
ditional surface photonic states coupled with CN elec-
tronic quasiparticle excitations [6], [7]. This causes an
atom-vacuum-field coupling constant (which is propor-
tional to the photonic DOS – see later) to be very sen-
sitive to an atom-CN-surface distance. At small enough
distances, the system may exhibit a strong atom-field
coupling regime giving rise to rearrangement (”dress-
ing”) of atomic levels by vacuum-field interaction, so
that standard weak-coupling-QED-based atom-field in-
teraction models (see [8] for a review) are, in general,
inapplicable for an atom in a close vicinity of a carbon

nanotube. To give this issue a proper theoretical con-
sideration, we develop a universal quantum theory of
atom-field interactions in the presence of an infinitely
long single-wall CN, which is valid for both strong and
weak atom-field coupling. By applying this theory to
two particular problems, the spontaneous decay of the
excited state and the vdW attraction of the ground state
of the two-level atom close to the nanotube surface, we
demonstrate the strictly non-exponential spontaneous
decay dynamics and nonlinear vdW coupling of the cou-
pled ”atom–nanotube” system.

2 BRIEF SKETCH OF THE MODEL

Consider a neutral atomic system with its center of
mass positioned at the point rA near an infinitely long
single-wall CN. Assign the orthonormal cylindric basis
{er, eϕ, ez} with ez directed along the CN axis. The to-
tal nonrelativistic Hamiltonian of the whole system can
then be represented in the form (electric-dipole approx-
imation, Coulomb gauge, CGS units) [8], [9]

Ĥ = ĤF + ĤA + Ĥ
(1)
AF + Ĥ

(2)
AF , (1)

where

ĤF =
∫ ∞

0

dωh̄ω

∫
dR f̂†(R, ω)f̂(R, ω), (2)

ĤA =
∑

i

p̂2

2mi
+

∑

i<j

qiqj

|ri − rj | , (3)

Ĥ
(1)
AF = −

∑

i

qi

mic
p̂i ·Â(rA) + d̂·∇ϕ̂(rA), (4)

Ĥ
(2)
AF =

∑

i

q2
i

2mic2
Â2(rA) (5)

are, respectively, the Hamiltonian of the vacuum electro-
magnetic field modified by the presence of the CN, the
Hamiltonian of the atomic subsystem, and the Hamil-
tonian of their interaction (separated into two contribu-
tions according to their role in the atom-vacuum-field in-
teraction – see later). The operators f̂† and f̂ in Eq. (2)
are those creating and annihilating single-quantum elec-
tromagnetic excitations of bosonic type in the CN and
the inner integral is taken over the CN surface assigned
by the vector R = {Rcn, φ, Z} with Rcn being the CN
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radius. In Eqs. (3)-(5), mi, qi, r̂i and p̂i are, respec-
tively, the masses, charges, coordinates (relative to rA)
and momenta of the particles constituting the atomic
subsystem, d̂ =

∑
i qir̂i is its electric dipole moment op-

erator, Â and ϕ̂ are the vector potential and the scalar
potential of the CN-modified electromagnetic field.

We simplify the Hamiltonian (1)-(5) by applying the
two-level approximation to obtain [9]

Ĥ =
∫ ∞

0

dωh̄ω

∫
dR f̂†(R, ω)f̂(R, ω) +

h̄ω̃A

2
σ̂z (6)

+
∫ ∞

0

dω

∫
dR

[
g(+)(rA,R, ω) σ̂†

− g(−)(rA,R, ω) σ̂
]
f̂(R, ω) + h.c..

Here, the Pauli operators σ̂z = |u〉〈u| − |l〉〈l|, σ̂ = |l〉〈u|,
σ̂† = |u〉〈l| describe electric dipole transitions between
the two atomic states, upper |u〉 and lower |l〉, separated
by the transition frequency ωA. This (’bare’) frequency
is modified by the interaction (5) which, being indepen-
dent of the atomic dipole moment, does not contribute
to mixing the |u〉 and |l〉 states, giving rise, however, to
the new renormalized transition frequency ω̃A = ωA[ 1−
2/(h̄ωA)2

∫∞
0

dω
∫

dR |g⊥(rA,R, ω)|2 ] in the second term
of Eq. (6). On the contrary, the interaction (4), being
dipole moment dependent, mixes the |u〉 and |l〉 states,
yielding the third term of the Hamiltonian (6) with
the interaction matrix elements g(±) = g⊥ ± (ω/ωA)g‖,
where g⊥(‖) = −i4ωAdz

√
πh̄ωReσzz(ω) G

⊥(‖)
zz /c2 with

G
⊥(‖)
zz (rA,R, ω) being the zz-component of the trans-

verse (longitudinal) Green tensor of the electromagnetic
subsystem and σzz(ω) standing for the CN surface axial
conductivity (we neglect the azimuthal current and ra-
dial polarizability of the CN). The functions g⊥(‖) (and
g(±), respectively) have the following general property∫
dR|g⊥(‖)(rA,R, ω)|2 =(h̄2/2π)(ωA/ω)2Γ0(ω)ξ⊥(‖)(rA, ω)

with ξ⊥(‖) = Im G
⊥(‖)
zz /Im G0

zz representing the trans-
verse (longitudinal) position-dependent (local) photonic
DOS and Γ0(ω)=8πω2d2

zIm G0
zz(ω)/3h̄c2 being the ato-

mic spontaneous decay rate in vacuum [7]. Thus, the
total energy of the system with the Hamiltonian (6),
in general, and the frequency ω̃A, in particular, are ex-
pressed in terms of only one intrinsic physical character-
istic of the electromagnetic subsystem – the local pho-
tonic DOS.

3 PARTICULAR PROBLEMS

Based on the Hamiltonian (6) and taking a possible
degeneracy into account of the upper level and lower
level of the coupled ”atom–nanotube” system at small
ω̃A (this takes place at small atom-CN-surface distances
where the local photonic DOS strongly increases as is
seen from the definition of ω̃A), we derive equations for
the time evolution of the population probability Cu(t)

of the excited state and for the vdW energy Evw(rA)
of the ground state of the two-level atom coupled with
the CN modified vacuum electromagnetic field. The for-
mer is the result of the solution of the time-dependent
Srödinger equation of the form [7], [10]

Cu(t) = 1 +
∫ t

0

K(t− t′)Cu(t′) dt′, (7)

K(t− t′) =
1
h̄2

∫ ∞

0

dω
e−i(ω−ω̃A)(t−t′) − 1

i (ω − ω̃A)

×
∫

dR |g(+)(rA,R, ω)|2.

The latter comes from the solution of the secular equa-
tion yielding the total ground-state energy E of the cou-
pled ”atom–nanotube” system in the form [9]

E = − h̄ω̃A

2
−

∫ ∞

0

dω

∫
dR

|g(−)(rA,R, ω)|2

h̄ω +
h̄ω̃A

2
− E

, (8)

which the atom–nanotube vdW energy Evw(rA) is de-
termined from by the relation E = −h̄ωA/2 + Evw(rA)
with the first term being the unperturbed ground-state
energy of the two-level atom.

In view of the general integral property of the ma-
trix elements g(±) given in the end of Section 2, both
Eq. (7) and Eq. (8) are represented in terms of the local
(position-dependent) photonic DOS and, thus, are valid
for both strong (ξ⊥,‖À1) and weak (ξ⊥,‖∼1) atom-field
coupling.

Using Eqs. (7) and (8), we have simulated the upper
state spontaneous decay dynamics and the ground state
vdW energy of an atom situated outside the (9,0) CN.
The local photonic DOS functions ξ⊥,‖ were computed
in the same manner as it was done in Refs. [6],[7]. The
free-space spontaneous decay rate was approximated by
the expression Γ0(ω) ≈ α3ω (α = 1/137 is the fine-
structure constant) valid for hydrogen-like atoms [11].
Figure 1(a) shows the transverse local photonic DOS
for the atom at several distances from the CN surface.
The DOS function is seen to increase with decreasing the
atom-CN-surface distance, representing the increase of
the atom-field coupling strength as the atom approaches
the CN surface. The vertical dashed line indicates the
dimensionless bare atomic transition frequency xA =
h̄ωA/2γ0 (γ0 = 2.7 eV is the carbon nearest neighbor
hopping integral) for which the upper state population
probabilities and the lower state vdW energies shown in
Fig. 1(b),(c) were calculated. The frequency xA =0.33 is
the peak position (at least for the shortest atom-surface
distance) of the local photonic DOS. Note that xA∼0.5
are typical for heavy hydrogen-like atoms such as Cs
(supposed to be non-ionized near a CN). Figure 1(b)
shows the upper state population probabilities |Cu|2 as
functions of the dimensionless time τ = 2γ0t/h̄ and the
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Figure 1: (a),(b) Transverse local photonic DOS’s and
upper-level spontaneous decay dynamics, respectively,
for the two-level atom situated at three different dis-
tances outside the (9,0) CN. (c) Dimensionless ”unper-
turbed” energy levels [the eigenvalues of the Hamil-
tonian in the first line of Eq. (6)] and total-ground
state energy of the coupled ”atom–nanotube” system as
functions of the atomic position outside the (9,0) CN.
The (’bare’) atomic transition frequency is indicated by
the vertical dashed line in Fig. 1(a); x = h̄ω/2γ0 and
τ = 2γ0t/h̄ are the dimensionless frequency and time,
respectively, with γ0 =2.7 eV being the carbon nearest
neighbor hopping integral.

atom-CN-surface distance in comparison with those ob-
tained in the Markovian approximation which is known
to yield the exponential decay dynamics (see, e.g., [12]).
The actual spontaneous decay dynamics is clearly seen
to be non-exponential. Very clear underdamped Rabi os-
cillations are observed for the shortest atom-surface dis-
tance, indicating strong atom-field coupling with strong
non-Markovity. Similar to what takes place in photonic
crystals [13], this is because of the fact that, due to the
rapid variation of the local photonic DOS in the neigh-
borhood of this frequency, the correlation time of the
electromagnetic vacuum is not negligible on the time
scale of the evolution of the atomic system, so that
atomic motion memory effects are important and the
Markovian approximation is inapplicable. Figure 1(c)
shows the dimensionless total ground-state energy of
the coupled ”atom–nanotube” system and two ”unper-
turbed” energy levels [the eigenvalues of the Hamilto-
nian in the first line of Eq. (6)] as functions of the atomic
position outside the (9,0) CN. As the atom approaches
the CN surface, its ”unperturbed” levels come together,
then get degenerated and even inverted at a very small
atom-surface distance. As this takes place, the weak
coupling approximation for the ground-state energy is
known to diverge, whereas the strong coupling approx-
imation yields a finite result (see, e.g., [11]). The exact
solution given by Eq. (8) reproduces the weak coupling
approximation at large and the strong coupling approx-
imation at short atom-surface distances, respectively.

4 CONCLUSION

We have developed the quantum theory of near-field
electrodynamical properties of carbon nanotubes and in-
vestigated spontaneous decay dynamics of excited states
and vdW interaction of the ground state of a two-level
atomic system (an atom or a molecule) close to a single-
wall carbon nanotube. We have demonstrated a strictly
non-exponential spontaneous decay dynamics and the
inapplicability of weak-coupling-based vdW interaction
models in a close vicinity of the CN surface where the
local photonic DOS effectively increases, giving rise to
an atom-field coupling enhancement. In certain cases,
namely when the atom is close enough to the nanotube
surface and the atomic transition frequency is in the
vicinity of the resonance of the local photonic DOS, the
system exhibits vacuum-field Rabi oscillations – a prin-
cipal signature of strong atom-vacuum-field coupling.
The non-exponential decay dynamics gives place to the
exponential one if the atom moves away from the CN
surface. Thus, the atom-vacuum-field coupling strength
and the character of the spontaneous decay dynamics,
respectively, may be controlled by changing the distance
between the atom and CN surface by means of a proper
preparation of atomically doped CN systems.

We would like to emphasize a general character of the

NSTI-Nanotech 2005, www.nsti.org, ISBN 0-9767985-1-4 	Vol. 2, 2005 199



Figure 2: Schematic of the energy levels and the ab-
sorbtion line-shapes expected in the optical absorbance
experiment with atomically doped CNs. In the center
are the ”unperturbed” atomic levels [the eigenvalues of
the Hamiltonian in the first line of Eq. (6)]. On the left
and on the right are the levels of the coupled ”atom–
nanotube” system in the weak and strong atom-vacuum-
field coupling regime, respectively. The system is excited
by an external optical radiation. The allowed and for-
bidden (crossed) optical transitions are shown by verti-
cal dashed arrows.

conclusion above and its fundamental and applied sig-
nificance. We have shown that similar to semiconductor
microcavities [14], [15] and photonic band-gap materi-
als [13], [16], carbon nanotubes may qualitatively change
the character of the atom-electromagnetic-field inter-
action, yielding strong atom-field coupling. The study
of such phenomena was started awhile ago in atomic
physics [17] and still attracts a lot of interest in connec-
tion with various quantum optics and nanophotonics ap-
plications [18], [19] as well as quantum computation and
quantum information processing [20], [21]. The fact that
the carbon nanotube may control atom-electromagnetic-
field coupling opens routes for new challenging applica-
tions of atomically doped CN systems as various sources
of coherent light emitted by dopant atoms.

Strong atom-vacuum-field coupling we predict will
yield an additional structure in optical absorbance spec-
tra (see, e.g., [22]) of atomically doped CNs in the vicin-
ity of an atomic transition frequency. The illustration
is shown in Fig. 2. Weak non-Markovity of the atom-
vacuum-field interactions (that yielding non-exponential
spontaneous decay dynamics with no Rabi oscillations)
will cause an asymmetry of an optical spectral line-shape
(not shown in Fig. 2) similar to that taking place for
the exciton optical absorbtion line-shape in quantum
dots [23]. Strong non-Markovity of the atom-vacuum-
field interactions (yielding non-exponential spontaneous
decay dynamics with fast Rabi oscillations) originates
from strong atom-vacuum-field coupling with the upper
state of the system splitted into two ”dressed” states
(Fig. 2, on the right). This will yield a two-component
structure of optical absorbance/reflectance spectra simi-

lar to that observed for excitonic and intersubband elec-
tronic transitions in semiconductor quantum microcav-
ities [14], [15].

Similar manifestations of strong atom-field coupling
may occur in many other atom-electromagnetic-field in-
teraction processes in the presence of CNs, such as, e.g.,
atomic states entanglement, interatomic dipole-dipole
interactions, cascade spontaneous transitions in three-
level atomic systems, etc. A further intriguing exten-
sion of the present work could also be the study of the
vdW interactions of excited atomic states where, even in
the weak atom-field-coupling regime and in the simplest
case of an atom near a planar semi-infinite medium, very
interesting peculiarities (e.g., an oscillatory behavior)
were recently shown to exist [24].
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