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ABSTRACT

A multiscale method that couples a meshless Stokes
solver and a DSMC simulator is reported. The method
is based on overlapped Schwarz alternating method with
Dirichlet-Dirichlet type boundary conditions for domain
decomposition and meshless interpolation between sub-
domains. The overlap can be zero for the case of Stokes-
DSMC coupling. Agreement between the coupled sim-
ulation and DSMC results is demonstrated and depen-
dence of convergence of the coupled method on the over-
lap, particle weight and number of DSMC time steps
between coupling iterations is investigated. It is shown
that within the range of parameters studied, conver-
gence does not depend on the length of overlap and is
not e�ected by the increased noise in DSMC estimates.
The number of time steps simulated in each DSMC it-
eration should be selected so that the total simulated
time till convergence is close to the time constant of the
DSMC subdomain.

Keywords: multiscale methods, microuidics, mesh-
lesh methods, domain decomposition

1 Introduction

The small dimensions encountered for gas ows in
microuidic devices results in rarefaction e�ects. Direct
Simulation Monte Carlo (DSMC) method [1], which is a
statistical approach to the solution of Boltzmann equa-
tion, captures the physics in these rare�ed ows . How-
ever, for most of the devices, the rarefaction is localized
to a certain region in the device and the rest of the device
can be modeled by classical continuum methods. In the
regions where continuum methods can be used DSMC is
still valid but expensive. This observation motivates the
development of coupled DSMC/continuum methods.

Multiscale methods can be implemented within the
framework of domain decomposition. Prior work on
multiscale methods [2]{[4] considered coupling of time
dependent Navier-Stokes and DSMC methods with non-
overlapped Schwarz method using Robin-Robin bound-
ary conditions that results from using the half-uxes
method. However, time dependent estimation of ux
quantities from DSMC samples is very diÆcult as these
are prone to noise.

Another problem that is encountered is the match-
ing of DSMC cells with the mesh for the continuum
solver. When using �nite element methods, interpola-
tion of data from unmatched cells to meshes and back,
or generation of matching meshes with the DSMC cells
is diÆcult and expensive. The diÆculty is compounded
by the fact that the boundary between DSMC and the
continuum method may be of complex shape.

2 Multiscale Approach

This work reports on a quasi-static, overlapped Sch-
warz method with Dirichlet-Dirichlet type boundary con-
ditions for solving the steady-state ow problem. This
means that the variables that are exchanged between
the domains are conserved variables of the uid ow
equation. The time independent uid ow equations
are solved on the continuum side. For the speci�c case
considered here, Stokes equations are adequate. The
estimation of quasi-static values for the conserved vari-
ables can be accomplished by averaging over a number
of DSMC iterations. Since the steady-state solution is
the goal, it is not necessary to enforce conservation of
uxes across the boundary.

Meshless methods are an attractive solution to cell-
mesh matching problem. In these methods, the mesh
is eliminated and a simple distribution of nodes is used
to de�ne the continuum geometry [5]. Meshless inter-
polation functions are constructed by considering small
subdomains (or clouds) around each node. The interpo-
lation functions are in turn used to solve partial di�er-
ential equations.

The procedure for the multiplicative Schwarz cou-
pling is summarized in algorithm 1. In the initialization
step, the DSMC subdomain is initialized to an arbitrary
state, and the initial set of boundary conditions are ap-
plied. Averages are gathered during the Nstep DSMC
time steps. The resulting values are transferred to the
Stokes domain by meshless interpolation. Then using
these values, the Stokes equation is solved and the so-
lution is interpolated back onto the DSMC cells. For
the example considered in this work, the x-velocity was
interpolated from DSMC to Stokes and the pressure, x-
velocity, and y-velocity were interpolated from Stokes to
DSMC.



Algorithm 1 Description of Stokes/DSMC coupling
steps in a multiplicative Schwarz method.

main loop:

initialize
while not converged

Do coupling iteration

end while

while not finished
Do coupling iteration

end while

coupling iteration:

Make Nstep DSMC time steps
Interpolate DSMC to Stokes
Solve Stokes
Interpolate Stokes to DSMC

The DSMC boundary condition was enforced on a
line of cells, in which a given displaced Maxwellian dis-
tribution of cells is created at each time step with the
parameters of the boundary condition being enforced,
moved for 1 time step, and then deleted. These cells
are called creation cells. It must be noted that aver-
ages cannot be collected from these cells. The averages
for interpolation on to the Stokes boundary nodes are
collected from the cells that are neighboring to the gen-
eration cells. These cells are called estimation cells. The
averages are collected at cell centers.

For the interpolation of the DSMC data from the
cells cI onto a given boundary node nJ , a kernel is placed
at xJ , and the interpolation functionsNIJ are calculated
for the NP cells in the cloud. The approximation ot node
nJ is computed as

u(nj) =

NPX

I=1

NIJ(xJ )uI (1)

Similarly for interpolation of data from continuum
nodes to given DSMC creation cells cI , a kernel is placed
at xI , and the interpolation functions NJI for the NP
nodes in the cloud are calculated. The interpolation
is again calculated by formula 1. In this work, a �xed
Gaussian kernel approximation is used to compute inter-
polation functions. The kernel parameters are selected
to ensure that the number of cells or nodes in the cloud
is not smaller than the length of the basis function vec-
tor.

The meshless Stokes solver is based on �nite cloud
method (FCM), which employs a �xed kernel approx-
imation for generation of interpolation functions. The
discretization of the Stokes equations is done by collo-
cation. A sparse LU solver is utilized for solution of the
resulting matrix equations.
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Figure 1: The geometry of the device simulated for test-
ing the coupled method. The division of the geometry
into coupled and DSMC domains is also shown.

Pressure x-velocity y-velocity
A 1.3 atm - 0
B 1.0 atm - 0
C,E @P=@y = 0 0 @P=@y = 0
D,F @P=@y = 0 0 @P=@y = 0
G,H - di�usive di�usive

Table 1: The boundary conditions applied to the
boundaries in the simulation domain.

3 Results

The coupling method that is described in the previ-
ous sections was tested using the micro�lter geometry
shown in Figure 1. The parameters used in this study
were hf = 5 �m, lc = 1 �m, lin = 6 �m, lout = 8 �m.
Two devices with hc = 0:8 �m and hc = 0:2 �m were
used for the simulations as indicated. Table 1 lists the
boundary conditions applied on each surface. Figure 1
also shows the decomposition of the �lter into Stokes
and DSMC subdomains. The extension of the DSMC
subdomain on each side of the channel is denoted dext.
In order to make sure that the ow is approximately in-
compressible at the interface, dext was set to 2 and 3 �m
for the two devices with hc = 0:2 and 0.8 �m, respec-
tively. The overlap of DSMC and Stokes subdomains is
denoted with dov. Same dov was used for both the input
and output regions.

The initial state and boundary conditions for the
DSMC subdomain were selected far away from the ex-
pected steady state solution in order to test the conver-
gence characteristics. For the DSMC subdomain, the
initial pressure was set to 5.0 atm, and initial velocity
was set to 0.0 m/s. The DSMC time step was set to be
10 ps for all cases. For coupled simulations, a transient
of 0.5 �s was simulated and averages were collected for
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Figure 2: Comparison of pressure along midline from
DSMC only simulation and DSMC/Meshless coupled
simulation with no overlap.
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Figure 3: Comparison of velocity along midline from
DSMC only simulation and DSMC/Meshless coupled
simulation with no overlap.

1 �s. For the DSMC simulations, a transient of 1.5 �s
was simulated and averages were collected for 1 �s.

Figures 2 and 3 show the results obtained by the cou-
pled method and by DSMC only simulation for the de-
vice with hc = 0:8 �m. Excellent agreement is observed.
Thus, the approach taken in this paper achieves proper
coupling between DSMC and Stokes subdomains.

An ideal speed-up factor for the coupled method can
be de�ned to be the ratio of the number of simulated
particles in DSMC and coupled simulations. To evalu-
ate the performance of the coupled method, the ratio
of the CPU times used by DSMC and coupled simula-
tions was compared with this ideal speed-up factor. The
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Figure 4: Comparison of convergence of velocity bound-
ary condition transferred from continuum side to DSMC
domain for di�erent overlaps. The characteristics of in-
put boundary conditions are shown.
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Figure 5: Comparison of convergence of density bound-
ary condition transferred from continuum side to DSMC
domain for di�erent particle weights.

simulations for the comparison were run for the same
number of DSMC steps and same number of CPUs were
used. The comparison was done for the device with
hc = 0:8 �m. The ideal speed-up factor for this de-
vice was 2.18, where as the observed value was 2.17,
exhibiting an eÆciency greater than 99%. For this run,
at each coupling iteration the interpolation of data and
the Stokes solution took 20 CPU seconds, the total of
which amounted to less than 0.3% of the total run time
of the coupled simulations.

Convergence characteristics as a function of overlap
were investigated by changing the overlap from 0.6 �m
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Figure 6: Comparison of convergence of pressure bound-
ary condition transferred from continuum side to DSMC
domain for di�erent number of DSMC time steps be-
tween coupling iterations. The particle weight was
changed to keep approximately the same noise level

to 0.0 �m. The overlap, dov, was increased by increasing
dext and Nstep = 5000 was used. For these and other
simulations that investigate convergence characteristics
hc was set to 0:2 �m. The pressure boundary condi-
tion was plotted after it was �ltered through a moving
average �lter with a 3 point window and equal weight.

The results presented in Figure 4, show that all simu-
lations take the same number of iterations to converge.
From the analysis of the Schwarz method, faster con-
vergence should be obtained for larger overlap, except
in cases where the coupling is weak. The results show
that the method presented in this work provides weak
coupling. It is clear that, no overlap case should be used
for all cases as it reproduces the DSMC only simulation,
converges at the same rate, and thus provides a perfor-
mance advantage.

For evaluating the convergence of the method as a
function of noise in DSMC estimates, a number of sim-
ulations were made using di�erent particle weights, wp.
The particle weights used were 25e4, 5e4, 1e5, and 1e3.
The results for the 0 overlap case are shown in Figure
5. Quicker convergence for larger values of wp observed
in this plot is an artifact of the larger standard devia-
tion which results, in e�ect, in a more relaxed conver-
gence criterion. Nevertheless, the important observation
is that the convergence is not delayed by larger noise.
This shows that the method can be very robust.

In order to be able to investigate the e�ects of Nstep,
the �lter geometry was simulated by keeping Nstep=wp

constant as Nstep was changed. This keeps the noise in
the DSMC estimates at the same level. Nstep values of
200, 1000, 5000 and 25000 were simulated in this man-

ner. The convergence of the input boundary conditions
are plotted against the number of iterations in Figure 6.

It is seen that for Nstep = 200 and 1000, a larger
number of coupling iterations are needed for conver-
gence when compared to Nstep = 5000 and 25000. A
comparison of the total simulated time till convergence
shows that forNstep = 200 and 1000 the simulated times
are approximately equal. However, for the other two
cases, the simulated time till convergence is much larger.
Thus, we can conclude that, if Nstep is longer than the
time constant, convergence is determined by the proper-
ties of the coupling method, where as if Nstep is smaller
than the time constant, the coupled system will evolve
in a quasi-static manner and the number of coupling it-
erations till convergence, Ncpl, will be increased. For an
eÆcient implementation, Nstep �Ncpl should be close to
the time constant of the DSMC subdomain.

4 Conclusions

A multiscale domain decomposition method for cou-
pling Stokes and DSMC solvers is presented. The method
is shown to have very good eÆciency, and stability with
respect to noise. The convergence is shown to be inde-
pendent of the overlap and an optimal interval for cou-
pling is suggested. These properties of the method make
it a very suitable candidate for application to MEMS
microow problems.
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