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ABSTRACT 

We have developed efficient self-consistent 3D 
Schrödinger-Poisson solver to model the energy level 
spectrum in silicon quantum dots.  We find that the energy 
level spectrum in the dot can be easily tuned by varying 
the applied voltage on the top and side gates, thus leading 
to symmetric or asymmetric parabolic confinement in the 
plane parallel to the semiconductor/oxide interface. We also 
investigate the influence of different impurity distributions 
in the semiconductor substrate on the shape of the wave-
functions and the energy spectrum in the dot.  We noticed 
that different number and different distribution of the imp u-
rity atoms in the dot influences the energy spectrum by lift-
ing degeneracy of the levels. We also observe significant 
mode mixing in the wavefunctions when using atomistic 
description of the impurity atoms in the semiconductor. 
 
Keywords: Silicon quantum dots, 3D modeling, discrete im-
purity effects. 

1.  INTRODUCTION 

As the size of the electronic devices shrinks to nanome-
ter scale, it becomes more and more evident that size will 
soon become a limit in standard VLSI devices. Therefore it 
is important to introduce new devices that are going to re-
place the usual ones and work on new principles.  Quantum 
dots represent one of the proposed alternatives for re-
placement of existing semiconductor devices. These struc-
tures have been extensively studied at low temperatures 
where they exhibit pronounced quantum-mechanical be-
havior, but recently, as technology advances allowed for 
their dimensions to shrink to size of the order of 10-15 nm, 
the quantum mechanical effects have been observed even 
at room temperatures [1]. This might imply that they could 
soon become alternative to current VLSI components 
through new electronic devices - single electron tunneling 
transistors (SETs). 

A novel technique for the fabrication of Si quantum dot 
structures in which controllable number of electrons in the 
dot is achieved through appropriate biasing of the top and 
side (depletion) gates has been proposed in [2].  A sche-
matic of the fabricated dot is shown in Fig. 1. The top gate 
controls the inversion layer density (Ns) of the quasi-two 

dimensional electron gas (Q2DEG) while the lateral defini-
tion of the dot is provided by side gates embedded within 
the gate oxide.  Via conductance measurements [3] and nu-
merical simulations [4], it was shown that the experimen-
tally observed conductance peaks map the details of the 
energy level structure within the dot.  In this work, we in-
vestigate how the atomistic description of the impurity at-
oms affects the energy spectrum in the dot and the cou-
pling of the dot states to the leads.  For this purpose we 
developed a 3D Schrödinger-Poisson solver, which is bri-
efly described in Section 2.  Here we also describe the 
scheme used for generating the discrete impurity distribu-
tion in the semiconductor substrate (p-type silicon).  
Simulation results for the energy level spectrum in the dot 
and its modification because of the random position of the 
impurity atoms are presented in Section 3. 
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Figure 1:  Schematic of the quantum dot structure. 

2.  3-D SCHRÖDINGER-POISSON SOLVER 

For all numerical simulations presented here, we assume 
that the semiconductor/oxide interface is parallel to the 
[100] plane.  For this particular case, the six equivalent min-
ima of the bulk silicon conduction band split into two sets 
of subbands. The first set (∆2-band) consists of the two 
equivalent valleys with in-plane effective masses 

tyx mmm ==  and perpendicular effective mass lz mm = . 

The second set (∆4-band) consists of the four equivalent 
valleys with in-plane effective masses tx mm =  and 

ly mm =  , and perpendicular effective mass tz mm =  . The 

energy levels associated with the ∆2-band comprise the so-
called unprimed ladder of subbands, whereas those asso-
ciated with the ∆4-band comprise the primed ladder of sub-



bands.  Due to the significant mass anisotropy in this mate-
rial system ( 091.0 mml =  and 019.0 mmt =  ), only the en-

ergy levels that correspond to the higher transverse mass 
along the z-direction (∆2-band ) are occupied at low tem-
peratures and have been included in our theoretical model.  
The lateral confinement achieved via the appropriate bias-
ing of the depletion gates leads to completely discrete en-
ergy level spectrum of the states belonging to the ∆2-band. 

To find the self-consistent confining potential and the 
energy level spectrum in the dot structure shown in Fig. 1, 
we solve self-consistently the 3D Poisson equation cou-
pled with the 3D Schrödinger equation.  We use the implic-
itly restarted Arnoldi method for the numerical solution of 
the 3D Schrödinger equation.  Lanczos/Arnoldi factoriza-
tion is used to construct an orthogonal basis for a Krylov 
subspace that provides a way to implement the projection 
numerically.  Implicit restarting is used to overcome the in-
tractable storage and computational requirements in the 
original Lanczos/Arnoldi method.  As such, this method al-
lows us to calculate only the lowest eigenvalues and the 
corresponding wavefunctions that describe the occupied 
states in the dot at low temperature.  The electron density 
in the leads (the Q2DEG) is obtained by solving the 1D 
Schrödinger equation, details of which can be found els e-
where [5].  For the numerical solution of the 3D Poisson 
equation, we use the incomplete LU decomposition (ILU) 
method [6].  In our theoretical model we also take into ac-
count the partial ionization of the impurity atoms, which is 
crucial for low-temperature device operation. 

To generate the atomistic impurity distribution in the p-
type silicon substrate, we mimic the ion implantation proc-
ess with a binomial distribution given by 
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In Eq.(1), k  represents the number of successes in n Ber-
noulli trials, each of which has the probability of success p, 
and q =  1-p. In the limit ∞→n , 0→p  and anp →  

(which is always satisfied in the device structures that we 
are considering) the binomial distribution approaches a 
Poisson distribution with mean a (a being the average 
number of the impurity atoms in the volume of interest 
based on the nominal uniform doping density), i.e. 
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The result given in Eq. (2) suggest that one can mimic the 
physical ion implantation process by drawing a random 
number k  from the Poisson distribution and uniformly 
distribute these k  impurity atoms within the discrete 
doping region of the device by using triplets of 
independent uniformly distributed random numbers.  It is 
important to note that with the above-described procedure 
one takes into account both the fluctuations in the number 

of impurity atoms and the discrete microscopic random 
distribution (arrangement) of the dopant atoms in the 
active region of the device. 

3. SIMULATION RESULTS AND 
CONCLUSIONS 

Simulation results for the variation of the sheet-electron 
density of the Q2DEG with the top gate bias are shown in 
Fig. 2 for a device with 5 nm thermal oxide and 93 nm 
RPECVD oxide.  Also shown in this figure are the experi-
mental data derived from Shubnikov de Haas measure-
ments [2].  A simple analytical model, in which we assumed 
that the top metal gate workfunction equals the electron af-
finity of silicon gives the following analytical expression 
for the threshold voltage 

  sscA
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TH qN
C

V ϕε2
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where ( ) qEE bulkFCs /−=ϕ , EC is the conduction band 

edge, EF is the Fermi level (taken to be the reference level), 
Cox is the oxide capacitance per unit area and εsc is the di-
electric constant of silicon.  For substrate doping of 
NA=2×1016 cm-3, it gives threshold voltage of 1.74 V, which 
is in close agreement with the simulation results.  There-
fore, the discrepancy between the experimental and the 
numerical results can be attributed to charges in the oxide 
that lead to rigid shift of the Ns-VG curve along the gate 
voltage axis. 
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Figure 2: Inversion charge density Ns vs. top gate bias. 

In Fig. 3 we show the variation of the 25 lowest eigen-
values for a 200×200 nm quantum dot with the depletion 
gate bias when all depletion gates are tied together.  We 
use continuum model for the description of the impurity 
distribution in the silicon substrate.  From the results 
shown in this figure, it is clear that applying more negative 



depletion gate voltage moves energy spectrum in the dot 
upwards.  We also observed that the application of more 
positive bias on the top gate moves the energy spectrum in 
the dot downward (not shown in this figure).  These trends 
are schematically shown in the inset of Fig. 3. 
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Figure 3: Lowest 25 eigenvalues for a symmetric quantum 
dot vs. applied depletion gate bias when all depletion gates 
are tied together and Vtop = 6.5V. In the inset we show 
schematically the energy level variation in the dot with the 
applied positive top gate voltage(right arrow) and negative 
depletion gate voltage(left arrow). 

The lowest 25 energy levels for the case of continuum 
and atomistic description of the impurity atoms in the semi-
conductor are shown in Figs. 4(a) and 4(b).  The difference 
between the two figures is that in case 4(a) both the num-
ber and the position of the impurity atoms is varying from 
device to device.  In case 4(b),  the position of the impurity 
atoms in the discrete impurity case corresponds to one 
snapshot of the various distributions generated using the 
scheme described in section 2.  Additional 2-5 impurity at-
oms are then placed at different position within the dot re-
gion.  This allows us to examine the influence of a single 
impurity placed at a particular position within the dot re-
gion.  From the results shown in Figs. 4(a) and 4(b), it is 
clear that the energy level spectrum in the dot depends 
upon both the number and the actual position of the imp u-
rity atoms in the device active region.  The introduced non-
uniformity in the confining potential due to the presence of 
impurity atoms leads to more uniform separation of the en-
ergy levels when compared to the continuum doping model 
results where the symmetrical nature of the confining po-
tential leads to clustering of the states. (The degeneracy of 
the n-th state for symmetric 2D parabolic confining poten-
tial equals n).  Also, a closer look at the results shown in 
Fig. 4(b) shows that a larger number of impurity atoms in 
the central region of the dot gives almost uniform energy 
spectrum, in agreement with the experimental observations 
[2]. 

The shape of the wavefunctions corresponding to the 
lowest nine energy levels in the dot when using continuum 
model for the impurity distribution are shown in Fig. 5. 
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Figure 4: The lowest 25 energy levels for the case of con-
tinuum (leftmost column in both plots) and atomistic de-
scription of the impurity atoms in the semiconductor. Num-
bers represent the total number of impurity atoms in the 
semiconductor substrate and approximate position of extra 
added imp urity atoms in the quantum dot region are drawn 
in the square boxes. 
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Figure 5: Shape of the wavefunctions corresponding to 
the lowest nine energy levels in the dot when using con-
tinuum model for the impurity distribution. 



The corresponding ones obtained when using discrete im-
purity distribution are shown in Fig. 6.  From the results 
shown in Figs. 5 and 6, it is obvious that the non-
uniformity of the potential profile due to the atomistic de-
scription of the impurity atoms in the substrate leads to 
modification of the energy level spectrum in the dot and 
mixing of the dot states. 
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Figure 6: Shape of the wavefunctions corresponding to 
the lowest nine energy levels in the dot when using dis-
crete impurity distribution model. 

This observation is more clearly explained with the re-
sults shown in Fig. 7 where in the top left panel we show 
the wavefunction for the seventh eigenstate when 
atomistic impurity distribution was used.  On the top right 
panel of Fig. 7 we show the magnitude squared of the 
expansion coefficients (|Cn|

2) vs. eigenvalue number.  We 
use as a complete orthonormal basis set the wavefunctions 
calculated when using uniform impurity distribution.  From 
the results shown in Figs. 5-7 we may conclude that the 
atomistic description of the impurity atoms, which intro-
duces random fluctuations in the confining potential, leads 
to mixing of the dot states.  Also, examining the wavefunc-
tions in Fig. 6 corresponding to the states higher than the 
ground state we note that they are either rotated or an 
admixture of several basis wavefunctions.  This suggests 
that the coupling between the dot and the lead states 
changes from configuration to configuration and depends 
upon the actual position of the impurity atoms. 

In conclusion, we presented simulation results for the 
energy level spectrum in quantum dots operating in the 
tunneling regime.  Examining the influence of atomistic 
doping description we found out that uniform doping dis-
tribution leads to clustered energy level spectrum and well 
defined wavefunctions.  When using atomistic impurity 
distribution, mode mixing of the wavefunctions was ob-
served that will significantly affect the coupling between 
the dot and the lead states, and it is hard to establish a 

one-to-one correspondence between a given energy level 
and the corresponding eigenfunction. The uniform energy 
spectrum is in agreement with the experimental conduc-
tance measurements given in [2,3]. 
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Figure 7: Wavefunction in the top left, obtained through 
discrete impurity simulation is a mixed mode consisting of 
three other modes shown in the lower part of the figure. On 
the top right panel the magnitude squared of the expansion 
coefficients (|Cn|

2) vs. eigenvalue number for this particular 
state is shown. 
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