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ABSTRACT

The use of a structural comparison algorithmas a po-
tential energy surface attractor map is introduced. The
numerical procedure determines if two structures of a
Xn and Xn-YZ species are identical from the respective
Cartesian coordinates. The algorithm generates a co-
variant map from R6n Euclidean space to � 2 R, where
� is a minimum superposition \distance" parameter. If
the input are two identical structures the parameter � is
zero. The procedure is simple to implement and can be
applied to increase the e�ciency of molecular structure
optimizations. Other possible uses are discussed briey
as well.
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1 INTRODUCTION

The search for structural optimization algorithms re-
mains a fundamental problem of clear interest. Ap-
plications range from the protein folding problem, the
research of new polymeric and biopolymeric materials,
to the drug discovery process. The number of minima
for the potential surface grows exponentially with the
number of atoms in the system being investigated. It
quickly becomes impossible to have a comprehensive list
of stable structural arrangements. The search must be
restricted to isomers or conformers that are most im-
portant in a given temperature or energy range. Two
questions need to be addressed by a modern structural
optimization strategy. How can one ever be sure that
the global minimum has been found? What is meant
by most important isomers and how does one �nd these
structures? A modern structural optimization is a two
step process. The �rst step produces the starting con-
�gurations for the second step, the quenching. Starting
con�gurations are referred to as candidates throughout
this document. Two steps are necessary since quenching
alone, as is well known, leads to minima that are local to
the starting con�guration. Unless some intuition is used
to bias the search, quenching alone does not necessar-
ily lead to the global minimum, though in principle an
in�nitely long simulated annealing walk with a nearly
reversible cooling schedule should. There are as many

ways to restart quenching as there are quenching algo-
rithms. The simplest way to restart the quench is to
simply draw uniform random numbers in a box of �xed
size as the starting coordinates. This method is the
crudest one and at the end of a large number of opti-
mizations one cannot be at all con�dent that the lowest
minimum in the list is the \true" lowest minimum.

Recently several classes of stochastic algorithms have
been developed to solve with some con�dence the prob-
lem of �nding the right candidates that are in the basin
of attraction of the globalminimum. The genetic algorithm[1]{[5]
is one example. The generation of candidates fromknown
minima overcomes a barrier or a set of barriers by com-
bining two minima that are energetically di�erent each
bringing to the new candidate information (genes) about
the potential surface from di�erent regions of space. The
\evolution" of minima generated by combining parts
from a pool of known minima has been shown by several
authors to bring the pool to the correct potential energy
basin. The evolution of the minima takes place under
the energy lowering stress by selecting more frequently
minima that have the lowest energy for \reproduction".

The existence of funnels in the potential energy sur-
face has been shown to severely complicate the task of
locating the global minimum. A funnel is a basin of at-
traction containing numerous basins within itself. A po-
tential energy may contain numerous funnels and trap-
ping locally can take place on two di�erent scales, that
is one may have the lowest minimum of a funnel but
not the global minimum. If the structures used to initi-
ate the genetic algorithm evolution all are in the same
funnel the genetic algorithm may too remain trapped.
Doye et al have successfully applied the basin-hopping
algorithm[6] to problems where trapping into funnels is
particularly problematic. The basin hopping approach
transforms the potential energy surface to a simpli�ed
step-like surface where the energy at each point in space
in a basin of attraction is the energy minimum in the
basin. The quenching algorithm operating on the trans-
formed surface does not become trapped into a basin of
attraction because the barriers among adjacent minima
are essentially removed.

Closely related to the quenching of structures and
the existence of funnels in the question of ergodicity
in stochastic simulations or lack thereof. A condition



known as quasiergodicity, a trapping of the stochas-
tic walk into an attractor of the potential energy sur-
face, is known to take place when the Metropolis algo-
rithm is running at su�ciently cold temperatures. It
is quasiergodicity that prevents a �nite length simu-
lated annealing with a reasonable cooling schedule to
yield the global minimum. Several approaches to signif-
icantly reduce quasiergodicity in stochastic walks have
been developed.[6]{[12] All these methods periodically
provide information about the potential energy surface
sampled at high temperatures to low temperature walk-
ers. The information is employed by the algorithm to
move or jump to important areas of space with high
probability. After a su�ciently long walk the coldest
temperature walker should be in the basin of attraction
of the global minimum.

This array of diverse algorithms gives researchers
some con�dence that the global minimum can be lo-
cated. Unfortunately these approaches are also quite
expensive. The genetic algorithm and the basin hop-
ping strategy rely on a systematic quenching of all the
candidate structures that the particular strategy gener-
ates. This can be both costly and wasteful. It is not
uncommon to end up with large numbers of identical
structures at the end of these computations. A parallel
tempering[10]{[12] or jump walking[9], [6] calculation re-
quires millions of potential energy points. Further, it is
often the case that one is interested in more than just the
global minimum. Stochastic walks, on the other hand,
are better suited to determine the relative importance
of isomers and how these may be found. But quench-
ing periodically from con�gurations at a temperature of
interest is particularly problematic especially when the
dynamics of the investigated system are dominated by
few structures as it is often the case. Searching for im-
portant minima is like wondering in a maze. Without
a map indicating what halls have been explored, one is
hopelessly bound to retrace ones steps many times over.

The structural comparison algorithm has been devel-
oped to map the potential energy maze of nickel clus-
ters[13] during a genetic algorithmminima search. Map-
ping minima increases the e�ciency of non biased struc-
tural optimizations by selecting the candidates for quench-
ing that are most likely to yield di�erent morphologies
than those already at hand. In the crudest and least
expensive implementation of the strategy one can map
potential energy funnels and avoid restarting the search
inside a funnel previously explored. The structural com-
parison algorithm can be implemented in two di�erent
ways to characterize a potential energy surface. It can
be included in a candidate generation scheme as the ge-
netic algorithm[13] to reject candidates that are \too
close" structurally to known minima. It can also be
implemented in a stochastic walk.[14] In this mode a
characterization of the surface by means of important

isomers at di�erent temperatures is possible. In the
original version of the algorithm the number of oper-
ations scaled with the number of atoms n as n4. Nev-
ertheless comparing structures in the range explored is
far cheaper than quenching on a semiempirical surface
of the nickel cluster.[13] In the present work the struc-
tural comparison algorithm is redesigned for homoge-
neous materials to scale more favorably with the num-
ber of atoms. We then test the algorithm on LJn and
LJn-HF systems.

The present manuscript is organized in two sections.
In section 2 we present the details of three implementa-
tions of the structural comparison algorithm, the origi-
nal one for homogeneous materials, an implementation
for heterogeneous clusters of the kind Xn-YZ where YZ
represents a diatomic specie. For this heterogeneous
case the number of operations for a comparison scales
as n2. Finally we introduce a modi�ed version of the al-
gorithm for homogeneous structures where the number
of operations scale more favorably with the number of
atoms. In section 3 we discuss the performance of the
algorithm when included in a simplistic candidate gen-
eration scheme and present some of the results we �nd
for LJn clusters.

2 DETAILS OF THE ALGORITHM

The tasks performed by the structural comparison
algorithm are two. It determines if two structures rep-
resented by a set of n three-dimensional Cartesian vec-
tors x� and y�, � = 1; 2; : : : ; n are identical. If the
two structures are not identical then a measure of the
\structural distance" invariant under translations, rota-
tions and atom label permutations on either set of coor-
dinates is obtained. Let x� and y� be two sets of three-
dimensional Cartesian vectors representing two struc-
tures of Xn. The following operations are performed on
the vectors y�.

1. Translate y� so that atom i has the same coordi-
nates as atom 1 in x�.

y(i)� = y� � yi + x1

2. Rotate y
(i)
� so that atom j is along the same line

that atoms 1 and 2 are in x�.

y(i;j)� = R(�j)y
(i)
�

3. Rotate y
(i;j)
� so that atoms i; j; k are in the same

plane that contains atoms 1, 2 and 3 of x�.

y(i;j;k)� = R(�k)y
(i;j)
�

4. Permute atoms i; j; k with atoms 1,2,3 in y
(i;j;k)
�

respectively. In the remaining atoms in y
(i;j;k)
� �nd



the atom � that minimizes the distance between
itself and atom l in x� and permute atom � in y�
with atom l. Let us represent the permutation of
atom � with atom l with the operator P�;l.

5. Repeat step 4 for all values of l from 4 to n.

6. Calculate the distance tensor element

di;j;k =
nX

�=1

���P�;�y
(i;j;k)
� � x�

���

with � = i; j; k for � = 1; 2; 3 respectively.

7. Repeat step 3 for all k

8. Repeat step 2 for all j

9. Repeat step 1 for all i

10. Compute the least upper bound of di;j;k

� = min
i;j;k

di;j;k:

If the structures x� and y� are identical then � is
zero, If x� and y� are both identical and symmetric, a
number of entries in the distance tensor di;j;k are zero.
Therefore this version of the algorithm can be used to
identify the symmetry point group of y�. The procedure
contains O(n4) operations since steps 4 and 5 are the
parts of a sorting process which can be performed with
O(n) operations.

This basic procedure has been adapted to character-
ize stochastic walks for species of the type Xn-YZ.[15]{[18]
The new algorithms is a simple extension of the pseudo
code listed above. Atoms i and j in y� are Y and Z

as they are in x� and need not be permuted in y
(i;j;k)
� .

Therefore a comparison of two Xn-YZ structures can be
carried out with O(n2) operations.

We have additionallymodi�ed the procedure for com-
paring two Xn structures in the following way. We omit
the sorting in steps 4 and 5 and we calculate a three -
atom superposition distance tensor

d0

i;j;k =
3X

�=1

���P�;�y
(i;j;k)
� � x�

���

with � = i; j; k for � = 1; 2; 3 respectively as above.
Then a short list of i; j; k combinations for which d0

i;j;k

is the smallest are considered for the sorting and permu-
tations rearrangements that take place in steps 4 and 5
of the original algorithms. The values of di;j;k in the
subset of possible values for i; j and k is calculated with
the same procedure as in the original version. This ver-
sion of the algorithm contains O(n3) operations because
the sorting process is no longer the innermost loop, and
will identify two identical structures as well. For two
non identical structures the value of � calculated may
di�er from that calculated with the original version of
the algorithm.

3 RESULTS

In Fig. 1 the energy of the �rst 162 minima of LJ28
are represented as lines. The global minimum has an
energy of -117.36 �. The picture is generated after 2650
distinct structures are found for the system. The length
of the line represents the number of structurally di�erent
minima that have the same energy.
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Figure 1: The energy of the �rst 162 isomers of LJ28.

The phenomenon of optical isomerism in uniform sys-
tems is evident in Fig. 1. The ability to discern among
two di�erent structures that have the same energy is
an interesting feature of the structural comparison algo-
rithm. In order to generate 2650 distinct minima a walk
consisting of 1.7�109 Metropolis moves at kBT = 0:333�
is performed. Every 14000 moves the running con�gura-
tion is compared with the pool of known isomers. If the
candidate is \su�ciently distant" then it is quenched.
The new minimum is compared again energetically and
structurally with all the others to eliminate duplicates
in the pool. Approximately 120000 candidates are com-
pared. Of these only 2670 are quenched and as few as 20



isomers are discarded as duplicates. Only 2% of the po-
tential points required to systematically quench 120000
candidates are needed to obtain 2670 distinct minima
with the comparison algorithm.

In Fig. 2 the graph of the isomer energies for the �rst
141 isomers of Ar12-HF are represented.
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Figure 2: The energy of the �rst 141 isomers of Ar12-HF.

This particular system is dominated by only few iso-
mers coming from two distinct funnels in the poten-
tial energy surface in the 8 K to 20 K range. A long
metropolis run at 40 K is used to periodically gener-
ate candidates which are �rst compared and selected,
then quenched. Quenching is carried out using Brown-
ian dynamics. Identical structures (structures with mu-
tual distance � � 0) are removed from the minima list.
The comparison step followed by the quenching step is
reiterated several times until quenching of candidates
no longer yields new structures. A total of 511 distinct
structures are found. As in Fig. 1 the x axis represent
the number of structures that are nonsuperposable but
share the same energy. For these a degeneracy of 2 is

assigned.

4 CONCLUSIONS

We successfully modify the comparison algorithm,
the number of operations required in the new version
scales more favorably with the number of atoms. The
strategy of comparing candidates prior the quenching
step substantially reduces the computational resources
required for optimizing geometries in homogeneous ma-
terials.

We conclude that the phenomenon of optical iso-
merism in Xn and Xn-YZ species is quite frequent and
important. Approximately 20% of the minima in LJ28
and 10% of the minima in Ar12-HF are optical isomers.
Estimates of physical properties based on the optimized
structures and their relative importance must take into
account the possibility of optical isomerism. To the best
of our knowledge this phenomena has received little or
no attention in the literature.
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