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Outline

• Spatial Correlations in Measured Data

• Modeling of 1D Spatial Correlations

• Modeling of 2D Spatial Correlations

• Summary
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Interconnect Capacitance Data

Correlation degree 
decreases with 
increasing d.

45 nm technology, 7 wafers from 5 lots

M2 over M1 under M3, min. pitch

Vertical 
direction: 
d = 2.5 mm

Horizontal direction: 
d = 0.34, 0.68 mm
(center to center)

d = 26 mm
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Modeling of 1D Spatial Correlations
ci,j

1

O M

m = i − j

− M

Example: Linear decay 
spatial correlation

Divide a 1D region into I sub-regions (I grid points) 

21 3 I4 i j

Different device instances 
from different sub-regions 
are treated as either 
partially correlated or have 
no correlation.

Different device instances 
within the same sub-region 
are treated as perfectly 
correlated.

All instances have the same mean x0 and same standard dev. σ.
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Traditional PCA Approach

• I sub-regions (grid points)
– I correlated instances

– Size of correlation matrix: IxI

– Number of eigenvalues and eigenvectors: I

– Number of independent stochastic variables: I

– Each instance uses all I stochastic variables

– In 2D case, matrix size is very large 

Sub-
region
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1D Solution Formalism (1)
Nearest neighbor case:

0 3σ−3σ

gi

Prob(gi)1 33,
~~ xxc ii =

i 

1
i 

ci,5

0=ig

12 =igci,9

jigg ji ≠= ,0

1

3 4 521 96 87 i 

g10g1 g2 g9g3

x1 x2
x9x3

g4 g5

x4

g8

Each instance uses 
only 2 stochastic 
variables.

…

x8…
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1D Spatial Correlation Solution (1)
Nearest neighbor case: 1) Fixed correlation degree 

2
1

1, ±=±iicIicii ,,2,1,1 L==

2||,,,2,1,,0 ≥−== jiIjicij L

Use (I + 1) independent stochastic variables 

to represent  I correlated instances.

Iiggxx iii ,,2,1,)(
2 10 L=±+= +
σSolution:

2
1

1, , ≤=± rrc ii2) Arbitrary correlation degree:

Iigagaxx iii ,,2,1,)( 1210 L=++= +σSolution:

2
4
1

2
1

2 )sgn( rra −+= 2
21 1 aa −=
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1D Solution Formalism (2) 

g9

0 3σ−3σ
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Long distance correlation:

g10g1 g2 g3

x1 x2
x9x3

g4 g5 g8

…

33,
~~ xxc ii =

x8

g11 g12g6 g7



N. Lu        IBM          2008 Nanotech/WCM
9

1D Spatial Correlation Solution (2)
• Long distance correlation
• Linear decay

1

O M m = i − j− M

ci,j

Mm
M
mc mii ,,1,0,1, L=−=±

Mjicij ≥−= ||,0

Use (I + M − 1) stochastic variables 

to represent  I correlated instances.

Iig
M

xx
M

k
kii ,,2,1,

1
10 L=+= ∑

=
−+

σ

Each instance uses M stochastic variables.
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1D Solution Formalism (3)
• Long distance correlation
• Arbitrary (almost) correlation degree

MmmMfc mii ,,2,1,),(, L==± 0),(,1)0,( == MMfMf

Mjicij ≥−= ||,0

Iigaxx
M

k
kiki ,,2,1,

1
10 L=+= ∑

=
−+σSolution structure:

∑
−

=
+ −==

mM

k
mkk MmaamMf

1
1,,1,0,),( LGiven f(M, m), 

need to find ak’s:

1
1

2 =∑
=

M

k
kam = 0 Æ Normalization:
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1D Spatial Correlation Solution (3)
• Try a family of ak curves
• Calculate a corresponding family of correlations f(M, m)
• Pick one of f(M, m) which is closest to the desired 

correlation function
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1D Spatial Correlation Solution (4)
• Another family of ak curves: 

– Each ak curve is symmetric about its center k0
– Resulting a family of smoother correlation functions at the 

center m = 0
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Modeling of 2D Spatial Correlations
A 2D chip region is divided into (I x J) sub-regions, 

or a (I x J) 2D grid

(1, 1) (1, 2) (1, J)

(2, 1) (2, 2)

(I, 1) (I, 2)

(2, J)

(I, J)

(i, j)

(k, l)

Between 
different 
sub-
regions: 
partially 
correlated, 
or no 
correlation.
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2D Solution Formalism (1)
A 2D nearest neighbor case:

X,Y non-separable

Each instance uses 
only 3 stochastic 
variables.

2D correlation

Associate each grid point with 
a gi, plus 1 more row of gi and 
1 more column of gi

x11 x12

xI−1,J

xI,J

x23

0 3σ−3σ

gi

Prob(gi)

x14

C = 1
0 < C < 1
C = 0
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2D Spatial Correlation Solution (1)
Example: When a 2D correlation can not be 

separated as the product of two 1D correlations

=

3
1)1,1;,()1,;,(),1;,( =−+=+=+ jijiCjijiCjijiC

but 

0)1,1;,( =++ jijiC

A nearest 
neighbor case:

Use (IJ + I + J) independent stochastic variables 

to represent  IJ correlated instances

)(
3 1,,1,0, ++ +++= jijijiji gggxx σSolution:
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2D Solution Formalism (2)
Correlation range:  X: (M − 1)       Y: (N − 1)

0),;,(),;,( == NNmMFnNMMF1)0,;0,( =NMF

Use (I + M − 1)(J + N − 1) stochastic variables 

to represent  IJ correlated instances
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,,

1
),;,(Given F(M, m; N, n), 

need to find Akl’s:

1,,1,0,1,,1,0 −=−= NnMm LL
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2D Spatial Correlation Solution (2)
When a 2D correlation can be separated as the 

product of two 1D correlations,

C(i, j; k, l)

m = i − k

n = j − l
1

(M, N)

(M, −N)(−M, −N)

lkkl aaA =

),(),(),;,( 21 nNfmMfnNmMF =

2D solution is also separable,

ak and f1(M, m) form a pair of 
1D solution and correlation.

al and f2(N, n) form another pair of 
1D solution and correlation.

Then, make use of previous 
found 1D solutions.

2D bilinear decay
Æ (1D linear decay)2



N. Lu        IBM          2008 Nanotech/WCM
18

Summary
• Presented a method of obtaining a compact 

solution to the problem of modeling spatial 
correlations in process, device, and circuit 
variations

• Presented some specific compact solutions

• Our solutions are in a higher dimensional 
space
– Much simpler than eigen solutions in PCA

• Our solutions are simple and suitable for use 
in compact models & in SPICE simulations 
– Also suitable for EDA tools, for SSTA
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